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Preface

This books presents a complete overview of the computational aspects of
life cycle assessment (LCA). Many books and articles have been written
on LCA, including theoretical treatments of the entire concept, practical
guidebooks to apply the technique, and concrete case studies in which LCA
is applied to support decision-making with respect to environmental aspects
of product alternatives. However, a good discussion of the computational
structure of LCA is lacking. Knowledge is only partially documented, and
what is documented is fragmented over diverse publications with mutual
inconsistencies in approach, terminology and notation.

The book is the result of several years of research, along with the teach-
ing of LCA at university classes and, not unimportantly, the development
of software for LCA. This software has been designed to support the edu-
cation of LCA, but it has been applied in real-world case studies as well.
The name of the software is CMLCA, which is an abbreviation of Chain
Management by Life Cycle Assessment. This program can easily be used
to reanalyse and further explore the ideas that are outlined in this book.
Another important source for this book relates to the work involved in con-
necting input-output analysis (IOA) to LCA. Software for this — MIET,
an abbreviation of Missing Inventory Estimation Tool — is also available.
Some of the basic routines have been implemented in Matlab script as
well. All three pieces of software can be accessed, free of charge, through
http://www.leidenuniv.nl/cml/ssp/software.html.

In developing the ideas that are written in this book, we have benefited
from discussions during the last few years with Jeroen Guinée, Gjalt Hup-
pes, René Kleijn and Ruben Huele at the Centre of Environmental Science,
Leiden University, Rolf Frischknecht at ESU-services, ETH Ziirich, Mark
Huijbregts, formerly at the Interfaculty Department of Environmental Sci-
ence, University of Amsterdam, now at the Department of Environmental
Science, Nijmegen University and Wang Hongtao at Sichuan University.
Igor Nikolié¢ provided support in discovering the advanced features of type-
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setting with INTEX. The actual text, including possible omissions and er-
rors, however, is our responsibility.
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Chapter 1

Introduction

This chapter introduces the aim of this book and motivates the importance
of its topic. It does so in relation to a brief introduction of life cycle
assessment (LCA), in which the various types of activities are outlined as
well. Finally, the structure of the book is presented, along with a reading
guide.

1.1 Purpose of the book

1.1.1 Aim

This book presents and discusses the computational structure of life cycle
assessment. Under the computational structure, we will capture the arith-
metical rules that are involved in carrying out an LCA study. However,
this book is not a book with computational recipes only. Two other as-
pects receive a large emphasis as well. These are the background of the
computational recipes, including argumentations and proofs, even though
sometimes heuristically, references to related mathematical rules, and as-
pects that relate to the numerical implementation of the computational
recipes. For this latter, the book will not provide computer source codes,
but it will concentrate on the algorithmic aspects, even though some exam-
ple pieces of Matlab code are given in Appendix C. Thus the computational
structure is understood here to cover the mathematical structure as well as
the algorithmic structure.

The computational structure will be formulated in terms of explicit
mathematical equations. It will become apparent that use of matrix algebra
provides an elegant, concise and powerful formalism. One should note that

R. Heijungs et al., The Computational Structure of Life Cycle Assessment
© Springer Science+Business Media Dordrecht 2002



2 Chapter 1

the term ‘matrix’ in this book refers to a rigid mathematical concept (see
Appendix A), that is defined in a linear space and for which operations such
as multiplication, transposition and inversion are defined. Thus, Graedel’s
(1998, p.100) concept of matrix as a table of 5 x 5 cells in which the user
is supposed to enter an ordinal score between 0 (“highest impact”) and 4
(“lowest impact”) is outside the scope of the present book.

It will be assumed that the reader has a basic knowledge of the prin-
ciples, framework and terminology of LCA. Useful texts at varying levels
of depth are provided by Lindfors et al. (1995), Curran (1996), Weidema
(1997), Jensen et al. (1997), Hauschild & Wenzel (1998), Wenzel et al.
(1998), UNEP (1999), Guinée et al. (2002), and others. However, a short
overview of the basic elements of LCA is discussed in the next section.
We also will, as much as reasonably possible, adhere to the [SO-standards
for LCA (ISO, 1997, 1998, 2000). At certain points, departures will be
necessary, and at many places, new concepts must be introduced. When
appropriate, such cases will be argued.

Throughout this book, it will be assumed that data availability is not
a problem. In fact, the efforts and measurement, modeling and estimation
techniques that are needed to obtain data is not discussed in this book.
The central theme is how the data, once available, should be processed
and combined to complete an LCA study. In the first few chapters, it will
moreover be assumed that data are known exactly. This will allow us to
present the basic structure in terms of deterministic equations. Chapter 6
discusses extensively the topic of perturbation theory, which includes the
statistical processing of stochastic data.

1.1.2 Motivation

The main motivation for writing this book is that the computational struc-
ture is an important topic for which no reference book is available. Below,
we first seek to explain that indeed the topic is underemphasised, and then
will demonstrate its importance.

It is a remarkable fact that there is a large number of guidebooks for
applying the LCA technique, but that the computational structure of LCA
is hardly addressed in these books. To some extent, this is understandable:
a person charged with carrying out an LCA study needs guidelines on which
data to collect, which choices to make, and how to report assumptions
and results. For the calculations, he or she will rely on LCA software, of
which there is a large choice on the market (Siegenthaler et al., 1997). But
this alleged lack of direct utility is not a decisive argument, since most
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guidebooks on LCA discuss the backgrounds of, say, models for ecotoxicity,
even though these models are not used in an LCA, because it is only the
tabulated characterisation factors that are derived from such models that
are used. So, lack of direct utility when executing an LCA is not a valid
reason for excluding material on the computational structure in guidebooks
for LCA.

A further remarkable fact is that the computational structure is by and
large overlooked by the theoretical literature on LCA as well. The equation
which forms the basis for almost the entire book is

s=A"'f (1.1)

in which f is the final demand vector, A is the technology matrix (and
A1 its inverse), and s is the scaling vector; see Sections 2.1 and 2.2 for
a full explanation. In the standard literature on LCA, this equation, as
well as the terms final demand vector, technology matrix and scaling vec-
tor are missing entirely. And the few sources in which the computational
structure is discussed are used in a rather limited way. An example may
illustrate this. In 1994, one of the authors published a paper (Heijungs,
1994) that explicitly discussed some important elements of the computa-
tional structure of LCA. It introduced a matrix formalism towards the
inventory analysis, and it gave a small example system with only four unit
processes with a feedback loop that needed a matrix approach for a reli-
able solution. Six years later, in 2000, virtually all commercially available
LCA programs were still unable to reproduce these results. Some of the
programs refused to perform the calculation, others gave a totally wrong
answer, and still others gave results that at best approximated the exact
solution.

One might think that the computational structure of LCA is a too ob-
vious issue to discuss in scientific publications. This is suggested by the
formulation in the ISO-standard for inventory analysis: “Based on the flow
chart and system boundaries, unit processes are interconnected to allow
calculations on the complete system. This is accomplished by normalising
the flows of all unit processes in the system to the functional unit. The
calculation should result in all system input and output data being refer-
enced to the functional unit.” (ISO (1998, p.10)). The forerunner of the
ISO-standard, SETAC’s Code of Practice (Consoli et al. (1993)), provides
some more information, but is still far from being exact and operational
on that topic. Fecker (1992, p.4) writes in a book with the promising title
How to calculate an ecological balance? that “the process parameters are
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multiplied with the corresponding factor by which the process participates
in the system.” In this, he is one of the few authors that explicitly in-
troduce the concept of scaling factors, but he does not provide a method
to obtain them in a concrete situation. The report of SETAC’s Working
Group on Inventory Enhancement (Clift et al. (1998)) ignores the topic
entirely. Another famous SETAC-publication (Fava et al. (1991, p.15))
is more explicit: “The calculation procedure is relatively straightforward
... The calculations can usually be performed by common spreadsheet soft-
ware on a personal computer.” This is, however, no longer true. As we
will see in subsequent chapters, the theory involves concepts such as linear
spaces, singular value decomposition, the pseudoinverse of a matrix, and
the condition number of a matrix. Of course, there are a few texts in which
the topic is addressed. For an overview, see Section 1.3.

It is the authors’ experience that a good knowledge of the computational
structure of LCA is important for several reasons:

e it is a prerequisite in the construction of a method that really can
claim to have scientific validity;

e it is useful to gain an understanding of the logic of LCA in a university
course;

e it guides the design and implementation of reliable LCA software (so
proves the aforementioned failure of most commercial programs to
deal with system with feedback loops);

e it may shed lead new light on established topics, such as co-product
allocation;

e it enables a further exploration of advanced topics, such as uncer-
tainty analysis.

In conclusion, the aim of this book is to provide a comprehensive description
of the present state of scientific knowledge of the computational structure
of LCA.

1.2 Elements of LCA

The general ISO 14040 standard (ISO, 1997, p.2) defines LCA as the “com-
pilation and evaluation of the inputs, outputs and the environmental im-
pacts of a product system throughout its life cycle.” The LCA technique is
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structured along a framework with a number of steps or activities in each
of these steps. There are four phases:

e goal and scope definition;
e inventory analysis;

e impact assessment;

e interpretation.

A short summary of these phases follows.

Goal and scope definition deals with the clear and unambiguous formu-
lation of the research question and the intended application of the answer
that the LCA study is supposed to provide. Important elements of the
goal and scope definition are the choice of the functional unit, the selection
of product alternatives to be analysed, and the definition of the reference
flows for each of the alternative systems.

The inventory analysis is concerned with the construction of these prod-
uct systems. These systems are composed of unit processes, like industrial
production, household consumption, waste treatment, transportation and
so on. System boundaries and flow charts of linked unit processes are
drawn for each alternative product system, and quantitative data as well
as qualitative data for representativeness, etc. are collected during this
phase. For those unit processes that are multifunctional, i.e. that provide
more than one function, an allocation step is made. A final step of the
inventory analysis is the aggregation of the emissions of chemicals and the
extractions of natural resources over the entire product system, in such a
way that a quantitative match with the system’s reference flow is achieved.
The final table of these aggregated emissions and extracted is referred to
as the inventory table.

The result of the inventory analysis is often a long list with disparate
entries, such as carbon dioxide, nitrogen oxides, chloromethane and mer-
cury. The impact assessment aims to convert and aggregate these into
environmentally relevant items. In particular, we mention here the step
of characterisation, in which the inventory results are transformed into a
number of contributions to environmental impact categories, such as global
warming, acidification, and ecotoxicity. We also mention the optional nor-
malisation in which the characterisation results are related to a reference
value, such as the annual global extent of these impacts. We finally mention
the weighting, in which priority weights are assigned to the characterisation
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or normalisation results, and which may result into one final score for each
alternative product system.

During the course of the LCA, many choices and assumptions must be
made. Moreover, uncertainty may be introduced with every data item. The
interpretation phase deals with the meaning and robustness of the infor-
mation obtained and processed in the previous phases. The interpretation
may include comparisons with previously published LCA studies on similar
products, uncertainty and sensitivity analyses, data checks, external com-
ments, and much more. It is also the place in which a final judgement and
decision is outspoken.

In using the LCA technique for carrying out an LCA study, one may
distinguish several types of activities.

e There are activities, related to the design of the system, the collection
of data, the making of assumptions and choices, and so on. This, for
instance, includes steps like the drawing of system boundaries, the
collection of process data, the choice of allocation method, and the
choice of an impact assessment method.

e There are computational activities, related to transforming or com-
bining data items into a certain result. For instance, emission data
are related to the functional unit, aggregated over all unit processes
in the system, multiplied with appropriate characterisation factors,
and so on.

e There are activities that relate to the procedural embedding of an
LCA project. Depending on the topic of study and the intended
application, different stakeholders may be involved in certain ways.
For certain applications, critical review by an independent expert is
essential.

e There are activities, related to the planning of the LCA. For instance,
one can start with a small-size LCA, to explore the potentials and
bottlenecks, and then to reiterate the steps in a more complete way.
Uncertainty analyses can give rise to further reiterations.

e There are activities, related to the reporting of an LCA. All types of
requirements on what to report and how to report can be imposed to
obtain transparent and reproducible reports.

The ISO-standards for LCA do not clearly separate these different types
of activities. However, emphasis is, apart from the presentation of frame-
work and the definition of terms, mainly on procedural embedding and
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reporting. Most importantly for this book, the ISO-standards for LCA do
not cover the computational structure. One can easily confirm this by ob-
serving the absence of mathematical equations. This leaves a large degree
of freedom for the present book. Many new technical terms will be intro-
duced; examples are technology matrix and final demand vector. In fact,
besides a presentation of the computational structure, this book aims to
propose a standard nomenclature for a number of concepts; see Appendix
B. Notation is also free, as there are no reserved symbols in the LCA-
community (except perhaps one older proposal by Heijungs & Hofstetter
(1995)). Throughout this book a consistent notation will be used. It is
summarised in Appendix B as well. A number of new non-mathematical
terms are introduced; we mention in particular hollow processes (Section
3.1), brands of economic flows (Section 3.4) and sleeping processes (Section
3.8). Finally, for a few terms that do occur in the ISO-standards, we have
found reason to introduce a different meaning; here we mention reference
flows (Section 3.7.2) and grouping (Section 8.1.6).

As already indicated, this book discusses the computational structure of
LCA, without reference to the procedural embedding and without reference
to the planning aspects. This means, for instance, that this book may well
describe the mathematics of comparing product alternatives on the basis of
a weighting procedure, while the ISO-standards state that such an activity
is not appropriate. The point is that ISO’s reluctance derives from proce-
dural grounds, while the mathematics is in itself without problems. The
mathematics remains valid even when someone decides to operate outside
the ISO-framework, or when the ISO-standards are changed in this respect.

1.3 Background of the book

Most method-oriented texts on LCA focus on formulating guidelines (cf.
Guinée et al. (2002)). In addition to that, there are many articles and
reports in which specific topics are discussed, such as models for assess-
ing impacts of acidification or data quality. There are only few texts in
which the computational structure is discussed. To the extent that they
are relevant for the present book, their material has been included. Im-
portant references in this respect include Projektgemeinschaft Lebensweg-
bilanzen (1991), Heijungs et al. (1992), Mdller (1992), Frischknecht et al.
(1993), Heijungs (1994), Schmidt & Schorb (1995), Heijungs (1996), Hei-
jungs (1997), Heijungs & Frischknecht (1998), Huele & van den Berg (1998)
and Heijungs & Kleijn (2001).



8 Chapter 1

In addition to that, other references that are relevant throughout the
text are on linear algebra. Many texts, at various levels of sophistication
and rigour, are available. Apostol (1969), Stewart (1973), Gentle (1997)
and Harville (1997) provide good and accessible reviews. Albert (1972),
Jennings & McKeown (1977) and Golub & Van Loan (1996) provide more
specialised texts at an advanced level.

Finally, the topic of numerical analysis and computer algorithms is
treated in many books, some emphasising the theoretical aspect and others
providing easy-to-use computer codes. We have made use of the books by
Jennings & McKeown (1977), Hamming (1986), Thisted (1988), Press et
al. (1992) and Cheney & Kincaid (1999).

1.4 Structure of the book

1.4.1 OQOutline

This book discusses the computational structure of LCA. Much of the dis-
cussion will be directed to the computational aspects of inventory analysis.
While many books on LCA would be structured along four core chapters,
each of them dealing with one single phase of the LCA framework, this
book presents the material in a different way. There is no chapter on goal
and scope definition (although the reference flow is introduced in Section
2.1), and impact assessment and interpretation are treated in one single
chapter (8).

Chapter 2 presents the basic computational model for inventory analy-
sis. It introduces the representation of unit processes, economic flows and
environmental flows, and it presents and solves the inventory problem: how
to obtain the environmental flows associated with a functional unit.

Chapter 3 further develops the inventory analysis. We will see that the
basic model falls short in many practical cases. This failure has to do with
various complications that distort the ideal required for the basic model.
These complications are, most importantly, cut-off and multifunctionality,
the second type of complication giving rise to the allocation problem. This
chapter also explores how the basic model works for a number of difficult
situations.

Chapter 4 discusses advanced topics of the inventory analysis and is
mainly intended for discussing very specific points. This chapter may be
omitted without affecting the readability of the subsequent chapters. The
same applies to Chapter 5 which ties the discussion to input-output analy-
sis, a tool that is familiar in economics for more than sixty years and that



Introduction 9

shares certain features with LCA.

In Chapter 6, we abandon the idea of point estimates of data, and
develop how the computational rules can be used to statistically deal with
uncertainty. Both an analytical and a numerical treatment are included.

Chapter 7 discusses analytical explorations of the data on the basis of
theoretical considerations. This leads to summary measures of the structure
of the data and their dependencies.

All computational aspects beyond the inventory analysis are discussed
in Chapter 8: impact assessment and interpretation.

Chapter 9 briefly explores a more general theory for LCA, in which the
usual simplifying assumptions of linearity and steady state are abandoned.

A final chapter (10) is devoted to more information-technical topics:
algorithms for the inversion of a matrix under special conditions, memory
requirements, and so on.

Some sections contain special topics that can be omitted without dis-
torting the readability of subsequent text. These sections are indicated
with an asterisk (*).

The book assumes that the reader has a basic knowledge of matrix
notation and manipulation. A concise review of matrix algebra is provided
as an appendix (A). The first few chapters require a smaller background
in mathematics than the chapters later on do. Especially Chapter 2, which
discusses the basics, has been written in a more accessible way, to make sure
that the basics can be understood by a wide audience. Chapter 3 is already
more involved, and especially Chapter 6 requires quite some background.

1.4.2 Notation

In this book, a consistent notation will be employed throughout. Appendix
B gives an overview of the most important symbols and the name of the
concepts they represent. Furthermore, we have adhered to the convention
that italic letters (like z) indicate scalars, that roman bold lowercase letters
(like x) indicate vectors and that roman bold uppercase letters (like X)
indicate matrices. A superscript T indicates the transpose of a vector
or matrix, a superscript —1 the inverse of a matrix, a superscript + the
pseudoinverse of a matrix; see Appendix A for the definitions of these
concepts. Other symbols that are placed after or on top of a symbol,
like primes (z), hats (Z), dots (&) and tildes (%), are used to refer to
another variable, and their meaning differs per occurrence. Sometimes, we
will write a row vector for a column vector to save space, e.g. writing
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x=(1 2 3)Tinsteadofx:: 2



Chapter 2

The basic model for
inventory analysis

In this chapter, the elementary formalism of the inventory analysis will be
developed. It is based upon the simplifications that have been discussed by
Guinée et al. (2002, p.III-15 ff.), i.e. a linear treatment of a steady-state
situation. Approaches towards accounting for non-linearities and dynamic
situations are discussed in Chapter 9. One could consider to start with the
general model, and discuss the simplified model as a special case. This,
however, would complicate the analytical treatment considerably, and it
would moreover ignore that virtually all LCA studies, textbooks, software
and databases are based on the simplified model. The general model is
at present only an academic ideal, of which the practical applicability in
concrete case studies is doubtful.

2.1 Representation of processes and flows

A first step in a formalised treatment is the construction of suitable sys-
tem for the representation of quantified flows in connection with unit pro-
cesses. For this, we introduce the notion of a linear space. A linear space
is an abstract concept which allows us to uniquely represent a multidi-
mensional data point as a simple vector with a definite value of each of
the co-ordinates. See, e.g., Apostol (1969) for an introduction into linear
spaces.

For instance, consider a unit process (or process in short), say, produc-
tion of electricity, which uses 2 litre of fuel to produce 10 kWh of electricity.
Moreover, in doing so, it emits 1 kg of carbon dioxide and 0.1 kg of sulphur

11
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dioxide. A linear space can now help us to describe this unit process in a
very concise notation. We adopt the convention that the first dimension
represents litre of fuel, that the second dimension represents kWh of elec-
tricity, that the third dimension represents kg of carbon dioxide and that
the fourth dimension represents kg of sulphur dioxide. In term of linear
spaces, the basis is
litre of fuel
kWh of electricity
kg of carbon dioxide
kg of sulphur dioxide

(2.1)

Then the co-ordinates of the unit process production of electricity with
respect to this basis is a simple vector

-2
10

0.1

This will be referred to as the process vector for a particular unit process,
in this case production of electricity.

Notice that we have written a minus sign in front of the 2 for the
dimension that represents litre of fuel. The minus sign is a conventional
indication for the direction of the flow. In Cartesian space, a negative x-co-
ordinate indicates by convention a point at the left of the origin. Here, the
negative co-ordinate indicates an input, while the other three positive co-
ordinates indicate outputs. We emphasise the conventional nature of such
a notation. In LCA, like in Cartesian geometry, a different choice leads to
the same results when consistently followed.

Also notice that the vector that represents the unit process of elec-
tricity production has four co-ordinates in a definite order. We cannot
interchange the elements of the vector, unless we change the order of the
basis accordingly. Therefore, the order of the elements of the vector is fixed
by convention as well. Again, this should be familiar from Cartesian geom-
etry, where the first co-ordinate often represents the horizontal direction
and the second the vertical direction.

A third type of convention is related to the choice of units. We might
change the kg of kg of carbon dioxide into a mg. Of course, we can only do
this if we change the co-ordinate 1 in the third row of the process vector
into a 1,000, 000.
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We will be involved with large systems comprising many different unit
processes, like production of electricity, manufacturing of televisions, recy-
cling of aluminium and transportation of tomatoes. A second step is there-
fore the representation of such a system of unit process. Let us consider
a second unit process, say production of fuel. Suppose that for producing
100 litre of fuel, 50 litre of crude oil is needed, and that 10 kg of carbon
dioxide and 2 kg of sulphur dioxide are emitted to the environment. A
first thing to observe is that there is not yet an entry for crude oil in our
four-dimensional linear space. A fifth dimension has therefore has to be
added. Thus we change the basis into

litre of fuel
kWh of electricity
kg of carbon dioxide (2.3)
kg of sulphur dioxide
litre of crude oil

and have to adapt the process vector for electricity production accordingly
into

-2

10

1 (2.4)
0.1

0

The co-ordinates of the additional unit process, production of fuel, is then

P1

p2=| 10 (2.5)

A particularly concise notation for representing the resulting system of unit
process is

-2 100
10 0
P=(p1|p2): 1 10 (2.6)
0.1 2
0 =50

We will refer to this as the process matrix. Observe that a new convention is
needed to express the fact that the first column represents the unit process
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of production of electricity, while the second column represents the unit
process of production of fuel. Column vectors will be indicated as p1, p2
or p; in general. An individual element of a process matrix can be referred
to as (P);; where i denotes the index of the row and j the index of the
column. Observe that (P),; = (p;); = pi;- In the example, ¢ runs from 1
to 5 and j from 1 to 2. The process matrix is then said to be of dimension
5% 2.

A third step is to partition the process matrix into two distinct parts:
one representing the flows within the economic system, referred to as eco-
nomic flows, and one representing the flows from and into the environment,
referred to as environmental flows or environmental interventions or inter-
ventions for short. In the example, the first two rows, representing litre
of fuel and kWh of electricity, are flows within the economic system, while
the last three rows, representing kg of carbon dioxide, kg of sulphur dioxide
and litre of crude oil are environmental flows. ISO (1997) speaks of product
flows and elementary flows respectively, but the distinction between eco-
nomic and environmental flows seems to be more popular. The partitioning
leads to a partitioned matrix

—2 100
10 0

P = (%) =71 10 (2.7)
01 2
0 —50

Although this partitioning is not needed per se for the representation of
unit process or entire systems of unit processes, it is a convenient step.
Furthermore, it will turn out to be needed in the following steps. The
matrix A that represents the flows within the economic systems will be re-
ferred to as the technology matrix. Matrix B will be called the intervention
matrix, because it represents the environmental interventions of unit pro-
cesses. Partitioning in this way may lead to matrices and with an unequal
number of rows. The number of columns of A and B is equal, and it is also
equal to that of the unpartitioned process matrix P.

A fourth step is more related to goal and scope definition than to in-
ventory analysis. It involves the specification of the required performance
of the system. In general, a reference flow ¢ will be determined as one way
of fulfilling a functional unit that is quite arbitrarily chosen. For instance,
a reference flow for this example could be 1000 kWh of electricity. The
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f= < 10000 ) (28)

thus represents the set of economic flows that corresponds to this reference
flow. Observe that we specify the complete set of economic flows, even
though only one of these flows is the reference flow. The logic of using a
co-ordinate system requires that we reserve an entry for every economic
flow. In general, the only non-zero element of this vector, say the rth, is

the reference flow:
o iti=r
fi= { 0 otherwise (2.9)

vector

Vector f will be referred to as the final (or external) demand vector, because
it is an exogenously defined set of economic flows of which we impose that
the system produces exactly the given amount. Later on, in Section 3.4.2,
we will discuss the case of comparing alternative products with more than
one reference flow.

A final aspect of representation is the inventory table, i.e. the set of all
environmental flows associated with the reference flow under consideration.
How to find it will be the topic of the next section. For now, it suffices to
discuss its notation. In the example co-ordinate system, we have three
environmental flows. Even though some of these flows may be zero for a
certain choice of f, we need to reserve vector elements for each of these
flows. We will proceed to define

a1
g=1 92 (2.10)
gs

as a vector of environmental interventions, the inventory vector, where g1
denotes the number of kg of carbon dioxide emitted by the total system,
etc. The final demand vector and the inventory vector can be regarded as
the aggregated external flows of the entire system. Stacking the two vectors

0
£ 1000
q= <E—) = a1 (2.11)
g2
g3

provides an easy reference to this system vector.
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2.2 The inventory problem and its solution

So far, we have only discussed the representation of unit processes, systems
of unit processes, reference flows, and so on. We did not calculate anything
yet. In particular, we did not yet discuss how to obtain the values of g, g2
and g3. A treatment of this leads to a discussion of what we will call the
inventory problem.

The two unit processes produce 10 kWh of electricity and 100 litre of
fuel respectively. The reference flow is 1000 kWh of electricity. Reference
flow and flows produced by the unit process do not match. We see that
unit processes 1 and 2 produce 10 and 0 kWh of electricity, while the final
demand is 1000 kWh. Obviously, we need to scale up unit process 1 by a
factor of 100 in order to satisfy the 1000 kWh required. But it is equally
obvious that the fuel requirement by that process will be scaled up by the
same factor of 100, into 200 litre of fuel. This leads to an upscaling of the
second unit process by a factor of 2, so that it produces 200 litre of fuel.
This then matches exactly with the required 200 litre of fuel by the first
unit process. There is no surplus nor a shortage, hence the system’s flow
of fuel is 0, precisely as was required by the final demand vector.

Apart from the fact upscaling a unit process affects the economic flows,
it affects the environmental flows in the same way. For instance, the emis-
sion of carbon dioxide by the first unit process is upscaled from 1 kg into
100 kg. For the second unit process it is upscaled from 10 kg into 20 kg. A
total system-wide emission of carbon dioxide of 120 kg is therefore found.
In other words, the hitherto unknown g; is found to be 120. For the other
two elements of the inventory vector, similar calculations yield g2 = 14 and
g3 = —100. Recall that the minus sign indicates an input, in this case
extraction of 100 litre of crude oil.

A more formal treatment can now be given. First, we introduce a vector
with scaling factors, the scaling vector, as a generalisation of the factors of
100 and 2. We will indicate this vector by s and write in the example case

s = ( Z; ) (2.12)

For the first economic flow, fuel, a balance equation can be set up:
ajl X 81+ a1z X $g = f1 (2.13)
In the concrete case, this amounts to

—2x851+100%x s9=0 (2.14)



The basic model for inventory analysis 17

This equation cannot uniquely be solved for s; and s5. But there is a second
balance equation available, for the second economic flow, electricity:

a1 X 81 + ag2 X s2 = fo (2.15)
or with the coefficients inserted,
10 x 51+ 0 x 59 = 1000 (2.16)

Simultaneous solution of these two equations yields

S()-(9) e

A final step towards a generally applicable treatment is in terms of
matrix solution. The system of equations

a1l X 81+ az X 82 = fi (2.18)
a1 X §1+ ag X sg = fo '

() ()-(4) o

or even more concisely as

can be written as

As=f (2.20)

Given that the technology matrix A is known and that the final demand
vector f is known, the balance equation can, under certain restrictions which
are to be discussed in Section 2.4, be solved to yield the scaling vector s:

s=A"lf (2.21)

where A~ denotes the inverse matrix of the technology matrix A. In the

example case, we have
-2 100
A= ( 10 0 ) (2.22)

(0 01
A _<o.o1 0.002 (2:23)

Straightforward multiplication yields

e (001 0\ _ [ 100
s=A f‘(om 0.002 /\ 1000 ) =\ 2 (2.24)

and
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So, we have found a recipe to calculate the scaling vector for the unit
processes in a system, such that the system-wide aggregation of economic
flows exactly agrees with the final demand vector that represents the pre-
determined reference flow of the system. However, the inventory problem
has not yet been solved completely, because the question was defined as to
find the values of the system-wide aggregated environmental flows.

The scaling vector provides a direct clue to the final step in solving
the inventory problem. We must recognise that scaling of a unit process
affects both the economic flows and the environmental flows. For the first
environmental flow, carbon dioxide, we have

g1 ="b1n X 81+ b1z X 82 (2.25)
In the concrete case, this amounts to
g1 =1xs14+10 X s9 (2.26)
Inserting the values for s; and sg, we find for g;
g1=1x100+10x 2 =120 (2.27)
More generally, we have

g1 = b1 X 51+ bi2 X 59
g2 = ba1 X s1+ ba2 X 2 (2.28)
g3 = b31 X 81+ b32 X s2

or in matrix notation

g =Bs (2.29)
In the example case, we have
1 10
B=1| 01 2 (2.30)
0 =50
Matrix multiplication gives
1 10 120
g=Bs=| 0.1 2 ( 1(2)0 ) = 14 (2.31)
0 =30 —100

In principle, the inventory problem is now solved. There is a rule (s =
A~!f) that yields the scaling vector given a technology matrix and a fi-
nal demand vector. And there is a second rule (g = Bs) that yields the
inventory vector given the intervention matrix and the scaling vector.
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In certain situations, it may be useful to provide explicit formulations
without matrix algebra. This leads to the following formulae:

Vi : Zaijsj = fl (232)
J

for the balance equation, and

vk : gk = Zbkij (233)
J

for the elements of the inventory vector, i.e. for the environmental inter-
ventions gg.

An interesting substitution of variables can now be made. If the expres-
sion for the scaling factors is inserted in the expression for the environmental

interventions, we find
g =BAIf (2.34)

Matrix multiplication, like ordinary multiplication, is an associative oper-
ation, hence we may rewrite this as

g=(BA™)f (2.35)

which we will write as

g = Af (2.36)

where we have defined the intensity matrix A as
A=BA™! (2.37)

This notation makes clear that the matrix A can be evaluated for a par-
ticular system of unit processes, and then be applied to any final demand
vector, thus to any reference flow that emanates from the system. In the
example we have

0.1 0.12
A= 002 0014 (2.38)
—05 —0.1

This matrix can, for instance, be applied to

(0 Yie= (Y ) e=(10).
e
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The meaning of these different types of final demand vectors will be dis-
cussed in Section 3.9. Using the matrix A implies that the scaling vector
is not calculated. Even though the computation may be somewhat more
efficient, knowledge of the intermediate results, in particular the scaling
factors can provide a convenient tool for diagnosis of the results. Later on,
in Section 2.6, we will also see that the scaling factors in some situations
have a special meaning,.

2.3 General formulation of the basic model for
inventory analysis

The previous two sections have provided a view of the formalism and its
rationale. But they have not provided a rigid formulation, and a scien-
tific foundation is lacking anyway. This section provides such a general
formulation. Readers interested in a more heuristical exposition of the
computational structure of LCA may wish to defer the material in this sec-
tion until they have gone through the other chapters, or they may decide
to skip it all together.

The general formulation is based upon the principles of deductive logic:
concepts are defined by formal definitions, a priori properties are assigned
by axioms, and new properties are derived by lemmas or theorems, requiring
a formal proof. Consequently, the following text is rather terse. Argumen-
tations and illustrative examples are given in the previous sections.

We must first define the main objects of study, and postulate some of
their properties. These include process vectors and matrices, the scaling
vector, the final demand vector, as well as the property of linearity and
additivity.

Definition 1 A process vector p is a vector in a linear space of which
the basis represents flows of goods, materials, services, wastes, substances,
natural resources, land occupation, sound waves, and possibly other relevant
items. The coefficients of this vector represent the amount of these items
absorbed or produced by a particular unit process. A negative coefficient
indicates an input of the process, a positive coefficient an output of the
process, and a zero coefficient indicates that the item is not affected by the
process. Two subsets of flows are distinguished: those which come from or
go to another process (the economic flows), and those which come from or
go to the environment (the environmental flows).
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Definition 2 A process matriz P is a set of process vectors, juxtaposed
to one another. It may be partitioned into a technology matriz A that
represents the exchanges between processes, and an intervention matric B
that represents the exchanges with the environment.

Axiom 1 Any process vector p; may be multiplied with an arbitrary con-
stant sj. In other words, processes represent linear technologies, and there
are no effects of scale in production or consumption.

Note that this axiom can in its turn be presented as a theorem when
higher-level axioms are postulated; see Theorem 3 in Heijungs (1998).

Definition 3 The constants s; referred to in Aziom 1 may be stacked to
form a scaling vector s.

Axiom 2 Flows may be aggregated over various processes, paying respect
to the sign.

Definition 4 A final demand vector £ is a vector of economic flows. The
coefficients of this vector represent the amount of these items that a system
under consideration should absorb or produce.

With these basis ingredients, the inventory problem can be formulated
according to Lemma 1.

Lemma 1 Let A be the technology matriz of a given system. In order to
let the system absorb or produce a final demand vector £, a scaling vector
s should be found such that the condition

As="f (2.40)
is met.

Proof Applying a scaling vector s to the system produces or absorbs a
vector of economic flows f. For one arbitrary economic flow i, we have,
from Axiom 1 and Axiom 2,

ﬁ:ailxs1+ai2><82+--- (241)
As this applies for all economic flows, it follows that

f=As (2.42)
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The system thus produces or absorbs this amount. When it is imposed that
the system produces or absorbs f, one should find a scaling vector s, such
that

f=o1 (2.43)
or equivalently

f=As (2.44)
QE.D.

Theorem 1 The condition As = f referred to in Lemma 1, leads to a

unique solution
s=A"f (2.45)

provided that A is square and non-singular.

Proof Substituting the expression (2.45) for s into the condition (2.40) of
Lemma 1, we have

As=A(A'f) = (AA ) f=Tf (2.46)

which shows that the expression for s indeed is a solution. The appearance
of the —1 to indicate inversion is allowed only if A is square and non-
singular. In that case, linear algebra teaches us that the solution is unique.
Q.E.D.

Now, we proceed to define the inventory vector and the recipe how to
find them.

Definition 5 An inventory vector g is a vector of environmental flows.
The coefficients of this vector represent the amount of these items that a
system under consideration absorbs or produces.

Theorem 2 Let B be the intervention matriz of o given system. With a
given scaling vector s, the inventory vector g is given by

g =Bs (2.47)

Proof For one arbitrary environmental flow k, we have, from Axiom 1
and Axiom 2,
gk = bk X s1 +brg X 52+ -+ (2.48)
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As this applies for all environmental flows, Theorem 2 follows directly.
Q.E.D.

This is, in fact, the entire axiomatic system for inventory analysis, at
least for the basic case. Section 2.4 and Chapter 3 will discuss situations
in which things are not so straightforward. In connection to Theorem 1,
it may be noted that we have excluded the case that A is non-square or
singular. In that case, there are two possibilities: either there is a solution,
be it or not unique, that can be found by a different method; or there is
not a solution, although there may be approximate solutions.

2.4 Some notes on the basic model

The basic model and its solution have been presented above for a very
simple example case and in a generalised form using matrix notation. The
main idea has been the systematic construction of a set of linear balance
equations, one for each economic flow, with a number of scaling factors,
one for each unit process. Matrix inversion has been introduced as a way
to solve such a system of linear equations. However, it is not the only way
to find a solution; see Section 4.1. Moreover, matrix inversion is a time
and memory consuming operation, that is not easily accessible to those
with insufficient mathematical training. It may under certain conditions
be an operation that is numerically unstable, producing incorrect results;
see Sections 6.6 and 10.2. Finally, in many situations, it is not directly
applicable to LCA. Matrix inversion requires that the technology matrix
is square and invertible. This is not automatically the case in situations
involving

e cut-off of economic flows;

e multifunctional unit processes;

e a choice between alternative processes;
e closed-loop recycling.

How to adapt the matrix approach is described in Chapter 3. Furthermore,
the approach outlined above (and in Chapters 3 and 4) start from the
assumption of complete certainty, whereas it is for sure that process data are
often uncertain to some degree. The treatment of uncertainties is discussed
in Chapter 6. Finally, the assumption of linear scaling of processes as well
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as the effective neglect of temporal and spatial patterns are subjects for
discussion in Chapter 9.

2.5 Geometric interpretation of inventory analy-
sis*

Using the concepts of linear spaces suggests a link with Cartesian space,
for which a geometric interpretation is readily available. Let us start with
the economic flows. The basis for this subspace is

litre of fuel
( kWh of electricity ) (2.49)

We can easily visualise the basis in a rectangular graph in which the first

basis vector is p; = ( 10 )T, represents 1 litre of fuel, and is shown as a

vector to the right. The second basis vector p; = ( 0 1 )T represents 1
kWh of electricity and is shown as an upward vector.

Then, the unit process production of electricity, p;, can be represented
as a vector, starting from the origin ( 00 )T and ending in ( -2 10 )T.
The unit process production of fuel, po, also starts at the origin; it ends
in ( 100 0 )T. The notion of a linear space implies that vectors can be
added with the parallelogram rule, and that vectors may be multiplied with
a scalar number. See Figure 2.1 for an illustration of the two unit processes
p1 and p2 and their sumvector p; + pa2.

kWh of
electricity

P Pi*Ps "

P, litre of fuel

Figure 2.1: Geometric interpretation of two unit processes and their sum
in a two-dimensional linear space representing two economic flows.
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In the example case, we had two unit processes. There was one addi-
tional item: the final demand vector f. It can be drawn in the graph as
a vector starting from the origin and ending in ( 0 1000 )T. The inven-
tory problem now consists of the question of finding the appropriate linear
combination of unit process vectors, such that the resulting vector exactly
coincides with the final demand vector. See Figure 2.2.

kWh of
electricity

PN

100p,

'Y
L 4

2p, litre of fuel

Figure 2.2: Geometric interpretation of how a linear combination of two
unit processes p; and po add up to the final demand vector f.

A final step in the geometric interpretation is the addition of the en-
vironmental dimensions. However, the full example would require a graph
in five dimensions. Therefore, we will restrict the illustration to only one
environmental flow: kg of carbon dioxide. We extend the graph with a
projected axis to represent depth. The basis of the new space is thus

litre of fuel
kWh of electricity (2.50)
kg of carbon dioxide

The basis vector is p3 = ( 0 0 f 1 )T represents 1 kg of carbon dioxide.
The first unit process, production of electricity, ends in the point with
co-ordinates ( —2 10 ‘ 1 )T, the second one in ( 100 0 ‘ 10 )T. Now
the system-wide aggregation. For the economic flows, this is the exoge-
nously determined final demand vector. For the environmental flows, this
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is the inventory vector, which is not yet known. We could write these
together as ( 0 1000 ‘ ? )T, where the question mark indicates that this
co-ordinate is unknown. This three-dimensional aggregated vector has thus
fixed values for the co-ordinates in the first and second dimension, but can
temporarily assume any value for the co-ordinate in the third dimension.

This corresponds with a straight line that passes through ( 0 1000 ‘ 1 )T,

(0 1000 |0)", (0 1000] =1 )", etc. See Figure 2.3. Now, we can in-
terpret the inventory problem as finding a linear combination of the unit
process vectors, such that the resulting vector falls on the line that is de-
fined by the final demand vector.

kWh of s
electricity s

kg of
carbon dioxide

litre of fuel

Figure 2.3: Geometric interpretation of the inventory problem as the prob-
lem of locating the point on an axis parallel to the axis that defines the
environmental flow (kg of carbon dioxide) and passing through the point
that is defined by the final demand vector f.

Recall that we have left out the environmental flows kg of sulphur diox-
ide and litre of crude oil for simplicity. If we add the fourth dimension,
kg of sulphur dioxide, the final demand vector defines not a line in three
dimensions, but a plane in four dimensions. And adding another dimen-
sion for litre of crude oil means that the final demand vector defines a
three-dimensional object (a hyperplane) in five dimensions.

The final geometric interpretation of the inventory problem is thus to
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find a linear combination of the unit process vectors, such that the resulting
vector falls on the hyperplane that is defined by the final demand vector,
and to locate the exact co-ordinates of this resulting vector.

2.6 An interpretation of the scaling factors™

In Section 2.2 the notion of a scaling factor was introduced, as a factor
which can serve to scale a unit process up or down. The idea is that a
unit process is modeled as an activity that can be described with constant
technical coefficients, i.e. representing a linear technology (cf. Axiom 1).
The inventory problem was formulated as a geometrical problem in a linear
space: find coefficients s, s9, . . ., such that a linear combination of the vec-
tors that represent the economic part of the unit processes exactly matches
with the final demand vector:

s1p1 +s2p2+ - =1 (2.51)

This is only a valid interpretation if the vectors that represent the eco-
nomic part of the unit processes and the final demand vector are indeed to
be represented in the same linear space, and that the meaning of the co-
ordinates, is therefore the same for unit processes and final demand. The
scaling factors are then pure, i.e. dimensionless, numbers. There is, how-
ever, an arbitrary element involved in the way a unit process is represented.
If a unit process is given as p;, an arbitrary multiple ¢ x p; could serve as
an equally good representation. For instance, one can represent the unit
process of electricity production per 10 kWh of electricity, per 100 kWh of
electricity, per 1.23 kWh of electricity, and so on. And if this unit process
in the original representation receives a scaling factor si, it would receive
a scaling factor s1/c in the revised representation. There is no preferred
representation, and the scaling factors have no absolute meaning.

It is, however, possible to revise the scheme a bit (Heijungs, 1998).
This starts with the acknowledgement that the descriptive data of a unit
process are almost never recorded per 10 kWh, per 100 kWh, per 1.23 kWh,
etc. A convenient way of measuring and straightforward recording of such
data is per unit of time. The inputs and outputs of a unit process can be
measured during an hour, a day, or a year. The descriptive data of a unit
process then assume a form like 3.15 x 10! kWh/year or 10 kWh/second.
Then the step of rescaling the data of a unit process to a convenient size,
such as 10 kWh, is no longer needed. The final demand vector, however,
remains unaffected by such a redefinition of the basis of the linear space
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that defines the co-ordinates of the unit processes. It may still be 1000
kWh of electricity. This then leads to a readjustment of the meaning of
the scaling factors. In the previous representation, a scaling factor of 100
meant that the arbitrarily rescaled unit process needed to be multiplied
with an equally meaningless factor of 100. In the revised representation,
the scaling factor bears a dimension: it is 100 second. Moreover, it can be
interpreted as that the reference flow defined in the final demand vector
requires that the unit process of electricity production is involved for 100
seconds. The electricity generator is thus allocated, so to speak, for 100
seconds to the function investigated.
The advantage of the new representation is three-fold:

e the step of scaling all unit process data to some convenient round
number of output is not needed;

e the scaling factors receive a clear meaning;

e the process data can be entered in their actual extent, which may be
convenient for the construction of databases that serve more purposes
than LCA alone.

A disadvantage is that the basis that defines the co-ordinate system is not
any longer universally applicable to both unit processes and final demand
vector. This then also implies that the geometrical interpretation of Section
2.5 does not apply for this setup.

2.7 An interpretation of the intensity matrix*

In Section 2.2 we have introduced the matrix A as
A=BA™! (2.52)

and given it the name intensity matrix. Some comments are in order: what
does the matrix mean, and whence the name intensity matrix?
Let us first study the case of a technology matrix that consists of one

number only. Let
A= ( 10 ) (2.53)

denote that the system contains one process which produces 10 kWh of
electricity. Let us assume that the intervention matrix is

1
B=| 01 (2.54)
0
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which keeps to mean emission of 1 kg of carbon dioxide and of 0.1 kg of
sulphur dioxide, and no in- or outflow of crude oil. Then

1 0.1
A=[o01 |(10)" =] 001 (2.55)
0 0

Applying this to a (degenerate) final demand vector
f=(1) (2.56)
representing 1 kWh of electricity, we find

0.1
g=1{ 001 (2.57)
0

We thus see that the meaning of the coefficient 0.1 for Aq; is that it repre-
sents the carbon dioxide intensity of electricity (in kg per kWh). Similarly,
the coeflicient 0.01 for Aoy represents the sulphur dioxide intensity of elec-
tricity.

This suggest to assign to A the interpretation of a matrix of environ-
mental intensity coefficients per unit of economic flow. However, this is too
rapid a conclusion. Let us expand the technology matrix to the case of two

processes and two flows:
—2 100
A= ( 100 ) (2.58)

Retrieving the intervention matrix

1 10
B=| 01 2 (2.59)
0 —50
one finds
1 10 -1 0.1 0.12
A= 01 2 (Ig 180> =1 0.02 0.014 (2.60)
0 —50 -0.5 —0.1

When applied to a final demand vector

£ ( V > (2.61)
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again representing 1 kWh of electricity, we find

0.12
g=| 0014 (2.62)
—0.1

This is different from the g obtained for the case of one process and one
flow, in spite of the fact that the specification of the process of electric-
ity production is almost similar. The difference can be interpreted as an
increase of environmental interventions: 0.02 kg extra emission of carbon
dioxide, 0.004 kg extra emission of sulphur dioxide, and 0.1 litre extra ex-
traction of crude oil (mind the removal of the minus sign for crude oil).
The only difference in process specification is that the process of electricity
production is assumed to consume fuel: 0.2 litre per 1 kWh electricity. We
may also observe that the final demand vector that represents 1 litre of

fuel,
1
f— ( 0 ) (2.63)
yields
0.1
g=| 002 (2.64)
—-0.5

as inventory vector. Rescaled with a factor of 0.2, we find 0.02 kg of carbon
dioxide, 0.004 kg of sulphur dioxide, and —~0.1 litre of crude oil, which
exactly accounts for the extra interventions of the delivery 1 kWh electricity.
Thus, we arrive at an interpretation that the vector

0.12
Ay = | 0.014 (2.65)
-0.1

represents the system-wide (or cradle-to-grave) interventions of supplying
1 kWh of electricity, i.e. one unit of economic low number 2. Similarly,

0.1
Ay = | 0.002 (2.66)
—0.5

represents the system-wide (or cradle-to-grave) interventions of supplying
1 litre of fuel, i.e. one unit of economic flow number 1 .
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Hence, one may interpret a column of the intensity matrix as the system-
wide interventions for supplying one unit of the good or service that is
referred to by that column. Altogether, it seems reasonable to assign to
A the interpretation of a matrix of system-wide environmental intensity
coefficients per unit of economic flow. We refer to Section 3.8.2 for a longer
discussion.



Chapter 3

The refined model for
inventory analysis

The basic model for inventory analysis presented in Chapter 2 is appealing
for reasons of simplicity and generality. In practice, however, things are
more complicated for a variety of reasons, some of which have been listed
already in Section 2.4. This calls for adaptations of the matrix approach.
This chapter discusses the most important situations that lead to a read-
justment of the model or its solution. It also shows how the formalism
can be used for less trivial processes and flows, such as those relating to
transport.

3.1 Cut-off

Cut-off refers to the case of incomplete systems, or formulated differently,
to the case of systems with incomplete knowledge on product flows between
processes. One may, for instance, know that production of electricity not
only requires fuel, but that capital equipment, like a generator, is involved
as well. But it may happen that one cannot find data on the production of
new generators for replacement, or for the disposal of used generators.
Problems in data acquisition appear in almost every LCA. Most guide-
books provide criteria to decide when cut-off is permissible: for which pro-
cesses, depending on the decision-context and on the product under investi-
gation. This book will not provide or discuss such guidelines. The emphasis
is on how cut-off is implemented in the matrix formalism of Chapter 2. As
far as we are aware, this aspect of cut-off has been discussed only by Hei-
jungs (1997, p.93-95). Another approach is to avoid the need for cut-off by
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estimating missing process data, for instance with input-output analysis;
see Section 5.4.

3.1.1 Formulation of the problem

As an illustration, let us expand the basis of the economic part of the linear
space by two new dimensions:

litre of fuel
kWh of electricity
new generator
used generator

(3.1)

Further, let us assume that production of 10 kWh electricity uses 10~ 2 new
generator and disposes 10™'2 used generator. The new technology matrix

is therefore
-2 100

10 0
—-1072 0
1072 0

A= (3.2)

and the new final demand vector is

f= (3.3)

Cut-off now implies that we have not included unit processes for the pro-
duction of new generators and for the waste treatment of used generators.
The system of unit processes should in principle be extended with unit
processes to account for the production and waste treatment of generators.
For certain reasons (e.g., lack of appropriate data, lack of time for further
data collection) it has been decided to restrict the technology matrix to the
4 x 2-dimensional one shown above.

It is immediately clear that the equation As = f cannot be solved in
this case. We can never find a scaling factor for unit process 1 that satisfies
the final demand of 1000 kWh of electricity and at the same time has a zero
for the third and fourth row. Formulated differently, we cannot invert a
matrix that is rectangular, i.e. that is not square. We obviously could not
have expected to be able to solve the set of balance equations in the case
of missing unit processes. Apparently, cut-off implies more than a mere



The refined model for inventory analysis 35

leaving out of unit processes from the system. A computational trick is
needed in addition.
Following Heijungs (1997), we will discuss three such tricks:

e adding hollow processes to the technology matrix;
e replace non-zero numbers for flows that are cut-off by zeros;
e removing cut-off flows from the technology matrix.

The approaches mentioned discuss how to solve the computational problems
of cut-off, not the problem itself, namely truncation due to an incomplete
systems. Suh & Huppes (2000) suggest to link missing flows, that would
be subject to cut-off, to the most similar commodity category in an input-
output table to estimate the truncated portion of the interventions. This
approach will be further discussed in Section 5.4.

3.1.2 Adding hollow processes to the technology matrix*

The problem of cut-off is essentially one of ignorance: process data are un-
known for certain processes. Accepting the concept of cut-off implies that
we accept that no information is added to the system. Adding no infor-
mation could then be regarded equivalent as adding zeros. For instance,
one could add a process to account for the production of new generators,
with zeros for oil consumption, electricity use, CO2 emission, etc. We will
refer to this as a hollow process, because it is a process specification that
contains no information at all. The only information it contains is that it
produces a new generator:

P3 = (3.4)

OOO'O!—‘OO

A similar hollow process can be added for the waste treatment of used
generators. Here it is logical — though not essential — to add a minus sign,
because the used generator is absorbed.
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The two hollow processes can be added to the technology matrix:

-2 100 0 O
10 0 0 O

A=l _102 o 1 o0 (3:5)
1072 0 0 -1

The resulting system is square and invertible, and yields a scaling vector

100
(3.6)

S O N

We may note that this approach leads to larger technology matrices.
This will in most cases not present serious computer problems.

3.1.3 Replacing non-zero numbers for flows that are cut-off
by zeros*

A second approach is to replace the non-zero numbers for flows that are cut-
off by zeros. In itself, this does not solve the problem of rectangularity, so a
further step of removing the cut-off flows from the system is needed if one
wants to obtain a square technology matrix. The procedure for removing
cut-off flows from the technology matrix is treated hereafter. Obviously, it
is not necessary to replace non-zero numbers by zeros when the numbers
are removed anyhow. Therefore, we will restrict this discussion to showing
how to remove flows, without the need to discuss how to insert zeros.

3.1.4 Removing cut-off flows from the technology matrix

The third solution is to single out the economic flows that are to be cut-off
by introducing a further partitioning of the technology matrix and the final
demand vector. That is, we write

-2 100

A/ 10 0
A= (T) =| T o 3.1
1072 0
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for the technology matrix and

0

_ ( g > - 1%00 (3.8)
0

and for the final demand vector. Then we solve the inventory part for the
upper part of the system of equations:

Als=f (3.9)

which of course leads to the solution previously discussed:

s=A"'f = ( 120 ) (3.10)
and are able to find once more
120
g=Bs= 14 (3.11)
—100

In addition, we can calculate the size of the neglected economic flows due

f” — A”S —_ 3 12

In other words, cut-off implies giving up the strict requirement of fulfill-
ing the final demand vector f. The modeled system produces an array of
economic flows that does not fully agree with the final demand. It may be
referred to as the final supply vector f:

f‘:(ﬁ,):(:,',)s (3.13)

or simply _
f=As (3.14)
In the example, we have
0
f= % (3.15)
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There is a discrepancy between imposed final demand and obtained final

supply, and we may write _
d=f-f (3.16)

for this discrepancy vector. In the example, we have

0
0

10~10

We will see in subsequent sections that there are more situations in which
a non-zero discrepancy between final demand and final supply occurs.

A final remark in relation to partitioning the technology matrix and final
demand vector relates to the order of the economic flows. The partitioning
shown above requires that the flows that will be cut off are grouped together
on the lower end of the list of economic flows. In general, this will not be
the case. However, a simple change of the order of the flows can always
be made, provided that it is carried out consistently in all vectors and
matrices.

3.1.5 Brief discussion

Three methods for dealing with flows that have been decided to be cut-off
have been described. We have a strong preference for the third approach —
removing flows that have been cut-off from the technology matrix — as it is
the only one that does not encourage one to generate wrong information,
and the only one that allows for the calculation of a discrepancy vector.
Inserting hollow processes and removing non-zero numbers by zeros come
down to purposely corrupting the information content. Removing cut-
off flows from the technology matrix is not the same as throwing away
information: it only means that the technology matrix A is split into a
“solvable” part A’ and an “unsolvable” part A”, and that the information
on cut-off flows is shifted to the unsolvable part. It is precisely this aspect
which enables the possibility of computing the discrepancy vector.

Even though our preference for handling cut-off is for the third ap-
proach, an even better idea is to avoid cut-off by estimating missing flows
with other tools, most notably input-output analysis; see Section 5.4.
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3.2 Multifunctionality and allocation

In industrial practice, it is frequently the case that a unit process produces
more than one valuable product or material. For instance, refineries pro-
duce petrol, kerosene, heavy oil, diesel, and so on. More examples are the
simultaneous production of chlorine and caustic soda, or the production of
milk, meat, hides, calves and sperm by cow breeding. Unit processes which
serve more than one function will be referred to as multifunctional unit
processes.

We may categorise multifunctional unit processes along at least two
lines. The first categorisation is according to the direction of the functions:

e unit processes that produce two or more valuable outputs (co-pro-
duction, e.g., production of chlorine and caustic soda);

e unit processes that treat two or more waste inputs (combined waste
treatment, e.g., incineration of plastic bottles and paper bags);

e unit processes that treat one waste input and that produce one valu-
able output (recycling, e.g., upgrading of used newspapers into cor-
rugated board);

e unit processes that serve three or more valuable functions (most gen-
eral case, e.g., as in a refinery).

A second categorisation relates to the inevitability of the multifunctionality:

e unit processes of which the functions are causally coupled (joint pro-
duction, e.g., production of chlorine and caustic soda);

e unit processes of which the functions are deliberately coupled (com-
bined production, e.g., transportation of passengers and cargo by an
aeroplane).

Regardless of the categorisation, we can start to investigate the representa-
tion of such multifunctional process and the problems they create in find-
ing a solution of the balance equations. After all, regarding the input of
waste as delivery of a valuable service, waste treatment (see also Section
3.7.6), stresses that combined waste treatment can in fact be regarded as
co-production of several waste treatment services. Likewise, recycling can
be regarded as co-producing a waste treatment service and a secondary ma-
terial. Furthermore, the mathematical treatment of unit processes as linear
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technologies with fixed coefficients turns the distinction between joint pro-
duction and combined production into a metaphysical one, with no conse-
quences on the level of the analysis.

3.2.1 Formulation of the problem

Assume that the production of electricity takes place in a modern plant
which co-generates heat, for instance for use in municipal or industrial
heating systems. We add an extra economic flow to the basis to account

for MJ of heat:
litre of fuel

kWh of electricity
MJ of heat
kg of carbon dioxide
kg of sulphur dioxide
litre of crude oil

(3.18)

If we assume that 10 kWh of electricity is co-produced along with 18 MJ
of heat, the new process vector for production of electricity becomes

-2
10

18
P1=|—— (3.19)

Assuming no changes in the rest of the system, and maintaining the same
reference flow, 1000 kWh of electricity, we find

—2 100 0
A= 10 0 | andf=| 1000 (3.20)
18 0 0

One could propose to write the solution to the inventory problem in this

case as normal:
s=A"'f (3.21)

However, the technology matrix A is in this case not square: it has 3
rows and 2 columns, and is therefore rectangular. Such a matrix cannot
be inverted, hence the previously derived recipe for solving the inventory
problem cannot be used.
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To clarify the situation, we will write down the set of balance equations.
They are
—2 x84+ 100 x 59 =0
10 x s1 + 0 x s9 = 1000 (3.22)
18 x 51 +0xs8,=0

There are three equations in two unknowns. Such a system of equations is
referred to as an overdetermined system of equations. An overdetermined
system of equations can in general not be solved. In the example, the second
equation leads to s; = 100, while the third equation gives s; = 0. This
clearly demonstrates that an overdetermined system of equations easily
contains mutually contradictory equations, and that a solution to such a
system cannot be found. Observe that an overdetermined system may, but
need not, contain mutually contradictory equations. In Section 3.5 we will
discuss a case in which the equations are consistent with one another.

The occurrence of multifunctional unit processes in a system of pro-
cesses leads to problems in solving the balance equations. Observe that
there is no problem whatsoever in representing a multifunctional process,
nor in constructing a system with multifunctional processes. The problem
only appears when one tries to solve the equations. We nevertheless will
refer to this situation as the multifunctionality problem. Another popular
term for it is the allocation problem.

We will approach the multifunctionality problem from an analytical
point of view. This means that the starting point is the overdeterminedness
of the system of equations, which is reflected in the rectangularity of the
technology matrix. Recall that the previous section on cut-off contained
another rectangular matrix. There, rows were removed through a cut-off
procedure, so that a square invertible matrix resulted. One way to deal with
the multifunctionality problem is therefore once more the removal of rows
from the technology matrix. But there is another approach: one could also
increase the number of columns of the technology matrix. We will discuss
both options, and within the second option present two entirely different
ways of adding columns. We will start with this option of expanding the
number of columns.

3.2.2 The substitution method

In the case of combined heat and power generation, the demand of 1000
kWh of electricity, leads to production of 18 MJ of heat as well. It may
now be argued that this extra 18 MJ of heat, which is available anyhow,
will cause that the stand-alone generation of heat, for domestic or industrial
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purposes, will decline with exactly 18 MJ. Thus the co-production of 18 MJ
of heat may be argued to substitute the stand-alone production of 18 MJ of
heat. The availability of the co-product avoids, so to say, the stand-alone
production. This latter process can then be seen as an avoided process.
The method in which the multifunctionality problem is solved with this
principle will be referred to as the substitution method, although variations,
such as avoided burdens method or subtraction method are encountered as
well. We will first discuss and illustrate the computational details of this
method.

The substitution method requires that a stand-alone unit process be
specified to account for the avoided economic flow. In the example, the
avoided flow is MJ of heat. Let us suppose that the stand-alone process
is as follows: 90 MJ of heat is produced using 5 litre of fuel and emitting
3 kg of carbon dioxide. The matrix representation of the new technology
matrix is therefore

—2 100 -5
A=|10 0 o0 (3.23)
18 0 90

This matrix can be inverted. Multiplication of the inverse with the final
demand vector yields the scaling vector:

s = 1 (3.24)

Later on, when we have introduced the concept of brands, we will have
to make some comments on the construction of the square matrix above
(Section 3.4.4).

Comparison with the original scaling vector s = ( 100 2 )T, for the
system without co-production, shows three remarkable features:

e The scaling factor for the unit process production of electricity is
unaffected. In general, this will be the case: the multifunctional
process itself is needed in the same proportion, as the reference flow
still requires the same amount of one of these flows.

e The scaling factor for production of fuel has decreased. Such a thing
is also quite normal. The unit process stand-alone production of heat
needs fuel, so the avoidance of this unit process can be seen to avoid
the need for fuel.
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e The scaling factor for the unit process stand-alone production of heat
is negative. This unit process does not participate in the system,
but it is subtracted from the system, which is the same as including
it in a negative way. However, it may be the case that stand-alone
production of heat is actually somewhere part of the life cycle, and
that the substitution method makes that it is involved to a lesser
extent. In general, therefore, the scaling factor of the avoided process
is smaller than that of the system without co-production.

The intervention matrix is also expanded to include an extra column
for the avoided process of stand-alone heat production. It is as follows:

1 10 3
B'=(01 2 0 (3.25)
0 =50 0

Multiplication of the scaling vector with this new intervention matrix gives

50
g=DB's'= 12 (3.26)
-50

We see that, compared to the original system without co-production of heat,
where g = ( 120 14 -100 )T, all environmental interventions have de-
creased (in absolute value). In general, some environmental interventions
will remain unaffected. It may also happen that certain environmental in-
terventions are avoided while they were not involved in the original system.
This for instance happens when waste incineration is assumed to co-produce
electricity, and when the avoided electricity is assumed to be of nuclear or
partly nuclear origin. In that case, there will be negative releases of certain
radioactive isotopes.
In contrast to the case of cut-off discussed above, we cannot calculate
a final supply vector with
f=As (3.27)

The reason is that we do not have a vector s that can be applied to the
original system. Only the vector s’ for the expanded system can be calcu-
lated. Obviously, lack of a final supply vector implies lack of a discrepancy
vector as well.

So far the basics of the substitution method. There remains a number
of minor points, however. One of the largest problem of the substitution
method is the question what exactly is to be chosen as the avoided process.
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Unit processes that are modeled as being part of the life cycle can to some
extent be verified to be really part of the life cycle. One can trace back
where a certain material came from, and one can follow where a certain
product will be delivered. It is principally impossible, however, to trace
back materials or to follow products which are not there for reasons of
being avoided. This is an important problem in applying the substitution
method, but it is not a problem that ought to be discussed in relation to
its computational structure.

Another point has to do with the complication that there is not always
a stand-alone avoided process. It may happen that the avoided process
itself is a multifunctional process itself. In that case, another unit process
should be added to the system to account for the co-product of the avoided
process. Such a doubly-avoided unit process can simply be accommodated
with the computational rules described above. In practice, the existence of
multifunctional avoided processes may of course lead to an ever-increasing
system with more and more unit processes which have little or nothing to
do with the product life cycle under study. This is more a philosophical
than a computational issue.

An important modification to the simple scheme presented above is re-
lated to the fact that it often happens that a certain economic flow substi-
tutes another economic flow, even though the two are not exactly identical.
Assume, for instance, that the heat obtained from the co-production pro-
cess is of quality X, e.g., of a certain energy content, or available at a
certain location, or available at a certain time, while the stand-alone pro-
duction of heat produces heat of a quality Y, e.g., with a slightly different
energy content, or at a different location, or at a different time. We then
need four rows to represent the technology matrix

-2 100 -5
A= 0 (3.28)
0 0 90
in a basis of which the economic flows are
litre of fuel
kWh of electricity (3.20)

MJ of heat of quality X
MJ of heat of quality Y

This matrix is again rectangular, hence it cannot be inverted. But we can
make it square and invertible by explicitly addressing the equivalency or
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inequivalency of the two types of heat. If one assumes that the difference
in quality is irrelevant, the two flows are assumed to be indistinguishable
and hence the two rows can be merged, yielding

—2 100 -5
A= 10 0 0 (3.30)
18 0 90

with respect to a basis

litre of fuel
kWh of electricity (3.31)
MJ of heat of quality X or Y

If one, on the other hand decides that the quality difference is relevant,
a correction factor may be applied. Suppose, for instance, that we decide
that heat of quality X is considered to be 10% more valuable than heat of
quality Y, for instance on the basis of a higher energy content or availability
at a more profitable place or time. This then means that 1 MJ of heat of
quality X is assumed to be equivalent to 1.1 MJ of heat of quality Y. We
can then merge the two flows and hence rows, applying a correction factor
to account for the 10% difference. This yields

-2 100 —5
A=|10 0 o0 (3.32)
18 0 818

with respect to a basis

litre of fuel
kWh of electricity (3.33)
MJ of heat of quality X

Obviously, such a factor is always needed when the two flows that are
assumed to substitute one another are expressed in different units. For
instance, when there is no difference in quality, 1 kWh of electricity is
equivalent to 3.6 MJ of electricity. The factor thus accounts for differences
in quality and differences in unit. We will refer to it as the exchange factor.
Using the substitution method with an exchange factor that differs from 1
is sometimes referred to as applying value-corrected substitution.
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3.2.3 The partitioning method

The second approach towards obtaining an invertible technology matrix
starts from the recognition that it is the multifunctionality of a unit pro-
cess which causes the problem. Hence, splitting a multifunctional process
into a number of independent monofunctional processes should provide a
cure. This splitting will be referred to as partitioning, although the term
allocating is frequently seen, and although there is not a connection with
the partitioning of a matrix as we have run across earlier. The disadvantage
of the term allocation is, however, that the entire multifunctionality prob-
lem is often referred to as the allocation problem as well. In this book, we
try to avoid the confusion that may arise from such double use of the word
allocation. Moreover, economists use the term allocation in connection to
a host of other phenomena, such as budget allocation.

In the partitioning method, a multifunctional unit process is divided
into a number of unit processes, such that each of the resulting unit pro-
cesses is monofunctional. In the case of combined production of electricity
and heat, two unit processes will be formed: one producing kWh of elec-
tricity and one producing MJ of heat. That is, the process vector

—2

p= | —— (3.34)

is split into two process vectors

)\1,1 X =2
10

Pla = (335)

Hi1a X 1
H2a X 0.1

and
Alp X —2

18

pip X 1
Hap X 0.1

Py = (3.36)
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where the coeflicient A1q, A1y, H1a, M1b, M2q and pop are allocation factors
which achieve an allocation of the economic flow litre of fuel and the eco-
nomic flows kg of carbon dioxide, kg of sulphur dioxide over the two newly
created unit processes. At almost all places where the partitioning method
is described or used, the allocation factors are chosen such that they lie

between 0 and 1:
0 S /\la S 1

0<Ap <1
OS,UJlagl
0<pup <1
OS,UQaSl
L 0< o <1

and that they add up to 1 per flow:

(3.37)

Mg +Ap =1
Hia + Hip = 1 (338)
H2q + prop =1

In that latter case, one has

P1la + P16 = P1 (3.39)

and one can truly speak of a partitioning of the flows of the original multi-
functional process among the new monofunctional processes. This is often
referred to as the 100%-rule: the sum of the partitioned monofunctional
processes is equal to the unpartitioned multifunctional process from which
they are derived. A further simplification is that the allocation factors are
almost always equal within one individual monofunctional unit process:

{ AMa = Mla = H2a (3‘40)
Alb = H1b = [2b

Under these conditions, the number of independently variable allocation
factors reduces to the number of functions provided by the multifunctional
unit process minus one. We loose one degree of freedom due to the con-
straint that the sum equals 1. In the example case, there were two functions,
electricity and heat, and therefore one allocation factor A, suffices:

Ag X —2
10
0

Ag X 1

Ag X 0.1
0

Pia = (3.41)
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and
(1—=2Xg) X =2
0
Pip = (1 — i\i) < 1 (342)
(I=Xg) x0.1
0

As an example, let us construct the new technology matrix with the
choice A\, = 0.7.

0.7x -2 100 0.3 x —2
A= 10 0 0 (3.43)
0 0 18

Matrix inversion is now possible and yields the scaling factors

100
=1 14 (3.44)
0

Comparison with the original scaling factors s = ( 100 2 )T, for the sys-
tem without co-production, shows the following:

e The scaling factor for the unit process production of electricity is
unaffected. In general, this will be the case: the multifunctional
process itself is needed in the same proportion, as the reference flow
still requires the same amount of one of these flows.

e The scaling factor for production of fuel has decreased. Such a thing
is also quite normal. The monofunctional unit process production of
electricity needs less fuel, and this decreased need for fuel is reflected
in a smaller scaling factor for production of fuel.

e The scaling factor for the monofunctional unit process production of
heat is zero. This unit process does not participate in the system,
not is a positive way, but also not in a negative way. It is a sleeping
process (cf. Section 3.8.3) that could have been left out of the system
altogether.

Let us now study what happens with the environmental flows. In the
intervention matrix, the first column will be split as well. Using A\, = 0.7



The refined model for inventory analysis 49

it becomes
0.7 x1 10 0.3 x1

B = 0.7 x 0.1 2 03x0.1 (3.45)
0.7x0 —-50 03x0

Multiplication with the new scaling vector gives the environmental inter-
ventions:

84
g=B's'=| 98 (3.46)
—70

Let us again make a comparison with the environmental interventions

g = ( 120 14 —-100 )T in the case without co-production of heat. We
see that all environmental flows are lower (in an absolute sense) than orig-
inally. More generally, certain interventions will be reduced while others
will remain unchanged.

Notice that, as for the substitution method, we cannot calculate a sep-
arate expression for the final supply vector. Hence, there is no sensible
expression for the discrepancy vector.

This concludes the basic description of the partitioning method. Recall
that a large methodological problem with the substitution method was
the specification of the avoided process. With the partitioning method,
a different type of specification problem exists, namely the choice of the
allocation factors A and p. Main strategies for this include parameters that
relate to the chemical or physical causality, such as mass, energy-content
or exergy, and parameters that relate to the economic or societal causality,
such as costs or proceeds. Regardless the principles used for setting the
allocation factors, the computational formulae are the same. Therefore, it
is not necessary to devote separate sections to allocation on a physical basis
and allocation on an economic basis.

3.2.4 The surplus method*

The third approach towards solving the multifunctionality problem is highly
related to the case of cut-off discussed before. It starts with the assumption
that some unit processes operate mainly for one of the functional flows.
This is then often referred to as the main flow, while the others could be
described as secondary flows or minor flows. Especially in a rapid LCA, one
could decide to treat the multifunctional process as if it has been designed
so as to produce this main flow, and that all minor flows are gratefully
accepted, but that they will not receive any environmental burdens.
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Effectively, the minor flows are removed from the balance equations.
The technology matrix is partitioned into a part for which balance equations
are constructed and a part for which this is not the case. In the example:

—2 100

/
A= (%) ~| 10 o (3.47)
200
and
g 0
£ (T) — | 1000 (3.48)
0

and the balance equations are restricted to the upper part:
Als =1 (3.49)

which obviously yield the old solution:

s=A"'f = ( 1(2)0 ) (3.50)

This scaling vector can be applied to the intervention matrix, which is the
same as before:

1 10
B=| 01 2 (3.51)
0 —50

Obviously, the original environmental interventions are retrieved:

120
g=Bs=| 14 (3.52)
~100

We could not have expected differently. The surplus method effectively
comes down to ignoring the fact that useful flows are co-produced.
Interestingly, one may bring the surplus method in the framework of
the partitioning method by splitting the multifunctional unit process into
independent monofunctional processes with an allocation factor of 1 for the
main flow and allocation factors of 0 for all minor flows. In the example:

1x =2 100 0x —2
A= 10 0 0 (3.53)
0 0 20
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Matrix inversion simply yields
s’ = 2 (3.54)

Applying the same allocation factors to the intervention matrix gives

Ix1 10 O0x1
B'=| 1x01 2 0x0.1 (3.55)
1x0 —=50 0x0

so that we again find
120
g=DB's = 14 (3.56)
—100

The surplus method obviously fails when it is one of the minor flows that
is involved in the product system.

For this method, it is possible to write down expressions for the final
supply vector. As

f=As (3.57)
we have
1000 (3.58)
2000
and
(3.59)
—2000

for the discrepancy vector.

3.2.5 Other methods*

Above, the computational approaches towards the three major methods for
dealing with the multifunctionality problem were presented. These are ma-
jor, in the sense that the first two methods, substitution and partitioning,
are often applied and very often discussed in methodological treatises as
well as in concrete LCA studies, and that the third method is easily ap-
plied, especially in company-internal studies with unimportant minor flows.
More methods for dealing with multifunctionality are conceivable, however.
This section will discuss some of them briefly:
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o dividing a multifunctional process into its constituent monofunctional
processes;

e linear programming;
e using the pseudoinverse;
e merging economic Hows.

There may even exist more methods.

In the ISO 14041 standard (ISO, 1998), the favoured method to deal
with multifunctional systems is by dividing the multifunctional unit process
into subprocesses. The idea is that the partitioning method is to divide a
unit process in an artificial way, whereas sometimes there may be more
knowledge available about the precise mechanisms that govern the process.
An example is a factory that produces brown shoes and black shoes. With
the partitioning, one would partition the use of materials and energy, and
the releases of pollutants over the shoes with some generic factor, perhaps
50 — 50. If one takes a better look inside the factory hall, one sees two
separate production lines: one for the brown shoes and one for the black
shoes. Their material and energy requirements and their releases may be
recorded in the usual way, and the data collection ends with two really
independent unit processes (although there will probably be certain shared
aspects related to buildings and management). This is an extremely valu-
able approach. In the context of this book, however, it is not of interest,
because it just means that a refinement of the technology matrix is intro-
duced without any computational concern.

A variation to the surplus method may be approached by means of lin-
ear programming. In a linear programming problem, the question is often
to produce a set of goods, where the quantity of each of these goods is given
as a minimum, and where an additional optimisation criterion is specified,
for instance cost minimisation. In the example, a linear programming for-
mulation would be: find scaling factors s such that the system produces at
least 0 litre of fuel, at least 1000 kWh of electricity and at least 0 MJ of
heat. In mathematical terms, the balance equation

As=f (3.60)

is changed into
As>f (3.61)

Algorithms for solving a linear programming problem have extensively been
discussed in the literature of operations research. A frequently used one is
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the Simplex method, see, e.g., Baumol (1972) and Chiang (1984). Use of
the principles of linear programming yields a solution for the scaling vector
s, and expressions for the final supply vector f, the discrepancy vector d,
and the inventory vector g. Notice that the linear programming solution
requires that the vector f be specified as flows that must be non-negative.
This seems a natural state of affairs, but we will see in Section 3.9.3 that
negative components of f sometimes make sense as well. It is not clear how
the optimisation criterion should be specified.

Still another way of dealing with the problem of multifunctionality goes
back to the problem of having an overdetermined system of equations. In
parameter estimation, for instance in fitting the coefficients of an equation
to data, there is always an overdetermined system of equations. The task is
then to find coeflicients that make a best fit to the data. A usual criterion
is that the sum of squares of deviations of observed and fitted values is
minimised. In the case of a linear system of equations, the classical multiple
regression model without a constant term is the most appropriate one to
discuss. A system of n equations in 2 unknowns

ail X 81 +aig X s2 = fi
a1 X 81+ ag X 52 = fo

(3.62)
Qn1 X 81+ ap2 X 82 = fp,
can be written as
As=f (3.63)
This leads to the so-called normal equations:
ATAs = AT (3.64)

where AT is the transpose of A, with a general solution provided by

-1
s= (ATA> ATE (3.65)
In the example, we have
-2 100
A= 10 0 (3.66)
20 0
hence
-1 0 0.2 0.04
T T _
(A A) A= ( 0.01 0.0004 0.000S) (3.67)
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s = ( gz ) (3.68)

One important difference with the previously discussed

and

s=A"'f (3.69)

is that the new expression can be applied to overdetermined systems of
equations, with a rectangular matrix, whereas the original one only works
for square matrices. Another important difference is that the balance equa-
tions are not exactly satisfied, but that

n

(As—£)T (As—£) = " ((As), - fi)’ (3.70)

=1

is minimised. Recalling the discrepancy vector d from a previous section,
we may also interpret this as the square of the length of this vector:

n

S ((As), - f’ =Y (fi- fi>2 = (d)*=1d] (3.71)

i=1 i=1 i=1
The vector d, which can here be written as
d=As—f (3.72)

is sometimes known as the residual vector or the minimum residual.

The sum of squares of residuals d; obviously can not be negative. In
general, it will be larger than zero. Only in the exceptional case that the
overdetermined system of equations contains redundant equations can it
assume the value 0. If not, the balance equations have not been solved,
but a solution has been found such that the balance equations are solved
as good as possible. In a normal LCA context, this is not acceptable. For
instance, in the example we have

0
f=1{ 200 (3.73)
400
so that the discrepancy vector is
0
d=1] -800 (3.74)

400
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Moreover, the sum of squares requires that an inner product be defined
over the linear space. In our definition of the co-ordinate system, a lin-
ear space was introduced, but without an inner product. Evidently, it
makes no sense to speak of the length of a vector in a space that is
spanned by a basis that represents litre of fuel, kWh of electricity, and
MJ of heat. The unit of such a vector would have the non-sensical unit
\/(litre of fuel)? + (kWh of electricity)® + (MJ of heat)?. Notice also that
the procedure outlined above is dependent upon the choice of the units.
That is, a different inventory vector will be found when one changes litre
of fuel into gallons of fuel.

A final way of dealing with the multifunctionality problem goes back
even more to its origins: the problem of having an overdetermined system
of equations. The technology matrix is rectangular, while we want it to be
square. We have discussed several approaches to increasing the number of
columns, by inserting an avoided unit process or by splitting a multifunc-
tional unit process into several independent unit processes. We also have
discussed an approach to decrease the number of rows, by partitioning the
maftrix into a part that does participate in the balance equations and a part
that does not. One additional approach to decreasing the number of rows
of the technology matrix is by merging rows of that matrix, i.e. by merging
economic flows. Suppose that we consider the production of electricity and
heat as a plain production of energy. Then we can merge the economic
flows electricity and heat into one economic flow, labeled energy. Let us
start to choose for expressing energy in MJ and converting 18 MJ of heat
into 5 kWh of heat. Then 10 kWh of electricity and 5 kWh of heat can
be merged to yield 15 kWh of energy. The technology matrix and the final
demand vector then become

, (=2 100
wo (2 ) -

£ — ( 10000 ) (3.76)

The technology matrix is square and can be inverted. It gives

() o

for the scaling vector. This may look fine, but one should not forget that the
final demand has implicitly been reformulated in terms of energy instead of

and
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electricity. Applying the scaling factors that were just found to the original
technology matrix gives

0
f=As'=| 667 (3.78)
1200

In words, the 1000 kWh of energy that is supplied consists in fact of 667
kWh of electricity and 1200 MJ (= 333 kWh) of heat. The discrepancy
vector is

d=f-f=| —-333 (3.79)

The method outlined above may seem awkward. Yet, is implicitly ap-
plied in many process specifications. For instance, an aeroplane transports
different types of passengers (economy class, business class, last minute,
children, adult) at the same time, though we often say that it transports
a certain number of passengers. And in input-output analysis (see Section
5.1 for more on this) the assumption of homogeneity of production is even
indispensable.

3.2.6 Brief discussion

We do not exclude that there may be even more approaches to solving the
multifunctionality problem. But, as a matter of fact, the only solutions that
are currently applied on a wide scale are the substitution method and the
partitioning method. In this book we take a quite neutral position in the
debate surrounding the two major methods for dealing with allocation. We
place an emphasis on the computational principles behind these methods,
rather than running into arguments of the strong and weak points of the
methods, and their realm of applicability.

3.3 System boundaries

In inventory analysis, the collection of unit processes included is referred to
as the product system. It may be visualised by means of a flow chart. The
product system has interactions with the environment by environmental
(or elementary) flows. These system-wide environmental flows, the envi-
ronmental interventions, are the prime object of interest in the inventory
analysis. It is clear that it is essential to define for each flow if it is cat-
egorised as an economic or as an environmental flow. The environment
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can be conceived as a system as well, the environmental system, containing
many environmental processes related to the fate of substances released to
the environment and related to the regeneration of resources extracted from
the environment. Therefore, the categorisation of a flow as an economic
or an environmental flow is equivalent to the categorisation of a process
as an economic or an environmental process. Thus the issue of defining
the boundaries of the system and between the two systems (economy and
environment) is of interest.

Notice that we have adopted a point of view that differs from that of
Clift et al. (1998), who distinguish a product system and the environ-
ment, where the environment is explicitly not regarded as being part of the
system, but is used “in its original (thermodynamic) sense as that which
surrounds the system under study” (no paging, original italics). One im-
portant reason for adopting a different stance is that we disagree with this
interpretation of the system-environment dichotomy, and that we think that
the term ‘environment’ is used inappropriately here. In thermodynamics,
the environment (or sometimes called surroundings) is assumed to be much
larger than the system. It is assumed to be an infinite source and sink of
materials and/or energy (see, for instance, the discussion on ‘heat reser-
voirs’ by Reif (1964, p.157-159)), so that there are never ‘environmental
problems.” The environment is not the object of study in thermodynamics,
while it forms the main motivation to execute an LCA-study.

Typically, the setting of system boundaries involves the following types
of decisions:

e the boundaries between the product system and the environmental
system;

e the exclusion of unit processes from the product system because they
are unimportant;

e the exclusion of unit processes from the product system because they
belong to a different product system.

We will discuss these different boundaries below.

3.3.1 FEconomic and environmental flows

The first type of boundary — between economic and environmental system
— has been discussed in Section 2.1 as the act of partitioning a process
matrix P into two parts: one with economic flows and one with environ-
mental flows. Economic flows were placed in the technology matrix A,
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environmental flows in the intervention matrix B. No guidance has been
given on when a flow belongs to the set of economic flows and when to the
set of environmental flows. This is beyond the scope of this book, and it
is one of the important tasks for guidebooks on LCA. From a computa-
tional perspective, the choice of categorisation of flows into economic and
environmental is unimportant.

Formally, we may partition the set of flows P into two sets A and B,
with the conditions that the partitioning is complete:

AUB =P (3.80)

and non-overlapping;:
ANB=10 (3.81)

A general rule for categorising a flow into A or B cannot be given; it depends
on the situation and on the investigator’s personal view on what is economy
and what is environment. A forest can be seen as a production facility, a
factory of trees. One downstream activity is logging trees, converting the
economic flow trees into a different economic flow: logged trees. It can also
be seen as a natural endowment. Then the activity of logging trees converts
the environmental flow trees into the economic flow logged trees. At the
output-side of the product system, similar ambiguities arise with respect
to landfill.

3.3.2 Cut-off

The exclusion of unit processes from the product system because they are
unimportant or because the data are not available has in Section 3.1 been
referred to as applying cut-off. It again involves the partitioning of a set
of flows into two subsets. Now, it is the set of economic flows A which is
partitioned into a set A’ and a set A". The former set contains all economic
flows which do participate in the balance equations A’s = f’, while the
latter set is excluded from this balancing procedure, leads to f” = A”s and
hence to a non-zero discrepancy vector d.

Again, criteria for applying cut-off can be found in many guidebooks
for LCA, and the computational details are independent from the choice of
cut-off rules.

It is possible to make cut-off an ‘automatic’ procedure, from a computa-
tional point of view at least. Cut-off is needed when no process is available
for supplying a good or treating a waste. In Section 3.1, for instance, no
processes for producing new generators or treating used generators were
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known. In the technology matrix, this can for the third row be detected
from the fact that there is a row (the third one, denoting new generators)
for which certain processes have a negative entry (here the first process)
and for which no entry is positive. In that case, an algorithm may par-
tition the technology matrix so that the third flow is transferred to A”.
A similar argument holds for the fourth flow, but here certain processes
have a positive entry, but no process with a negative entry is available. A
formal criterion of automatic cut-off cannot yet be defined here; this will
take place in Section 3.3.4.

In addition to automatic cut-off, cut-off may also be made manually,
even when it is not needed, for instance to study what the influence of not
having the data would have been. Take the example with

as (2 ) )

and suppose that we wish to study what the effect would be of cutting-off
fuel production. This would reduce the technology matrix to

A'=(10 0) (3.83)

which can of course not be inverted. To study the influence of cut-off, we
must also remove the process that has been cut-off (the second column), or
we must employ the pseudoinverse (see Section 3.5.2) to find a solution.

3.3.3 Other product systems

Section 3.2 discusses how processes that deliver more than one useful out-
put may be treated in the matrix formalism. A connection to the setting of
system boundaries needs to be discussed as well. When chlorine is needed
in the product system, the technology matrix may contain a process that
produces chlorine and caustic soda. The downstream processes that use
the chlorine are naturally included in the system, but the downstream pro-
cesses that use the caustic soda are not: they are considered to belong to a
different product system. As a matter of fact, they may be included in the
system, and they will receive a zero scaling factor, which means that they
play no role and could have been left out of the system as well (see also
Section 3.8.3). The economy of research will in many cases lead to sparsity
in data collection, so that no data for such processes will be collected and
they will indeed be left out.
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From a computational perspective, we may act like in the case of cut-off.
The ‘superfluous’ co-product, caustic soda in the example, will be trans-
ferred to A", while the ‘required’ co-product, chlorine, enters A’'. Compu-
tation then proceeds as before on the basis of A’s = f’. Of course, this
approach works for the partitioning method (Section 3.2.3) and for the sur-
plus method (Section 3.2.4). For the substitution method (Section 3.2.2)
things are different, because the ‘superfluous’ co-product does participate
in the balancing procedure and so defines the scaling factor for the ‘avoided’
process. For the downstream processes that use the caustic soda, a similar
situation holds: they may be excluded, or they may be included and will
receive a scaling factor 0. Only for the substitution method difficulties will
arise: the downstream process that uses the caustic soda and the stand-
alone (avoided) process of caustic soda production will be interpreted as
competitors, producing the same economic flow. Section 3.4.4 provides a
solution by distinguishing ‘brands’ of caustic soda.

3.3.4 Goods and wastes

The surplus method can be seen as conceptually identical to cut-off. In both
cases, the rectangularity of the technology matrix is remedied by shifting
rows to a matrix A” that does not partake in the balancing procedure. De-
spite this conceptual similarity, they are not factual identical. This section
discusses the distinguishing feature in detail, even though it is not strictly
a matter of system boundaries.

In Section 3.1.1, a hypothetical process was introduced with the co-
ordinates

-2
pP= _1100—12 (3.84)
10-—12

in a basis, defined as

litre of fuel
kWh of electricity
new generator
used generator

(3.85)

This may be contrasted with the hypothetical process in Section 3.2.1 with
co-ordinates

p=1| 10 (3.86)
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in the basis
litre of fuel

kWh of electricity (3.87)
MJ of heat

We see that both processes have two outputs: electricity and used gen-
erators in the first case, and electricity and heat in the second case. In
both cases, the system will not include a process that absorbs the second
output, viz. used generators and heat. Still, we adopt a different approach
to dealing with these processes: the first one is considered as producing a
waste flow that is subject to a cut-off procedure, while the second one is
considered as a multifunctional process and may be subject to an allocation
procedure. This section is devoted to an analysis of this difference.

There is a clear difference in meaning between producing used genera-
tors and producing heat. The first one is a waste, in the sense that it is not
sold to a next process, but that the next process is paid for receiving it.
For a human investigator, the difference between used generators and heat
may be clear. For an algorithm it is not clear. Moreover, there are situa-
tions in which the distinction between a valuable good and a waste that is
to be treated is far from clear. For instance, many low-quality flows from
industrial processes may be seen as a low-value co-product or as a waste,
depending on the capacities for upgrading. Although wastes — in the sense
of goods with a negative value — are sometimes regarded as co-products,
and a process producing one valuable good and one or more wastes as a co-
producing product (Baumgértner, 2000), we take a more strict stance here.
Goods have a positive economic value, wastes have a negative economic
value. Thus a product producing one good and one waste is a monofunc-
tional process, and no allocation procedure is required. To emphasise the
fact that wastes are not goods, the term ‘bads’ is sometimes used for them
(Lipsey & Steiner (1978, p.6), Heijungs (1997)). Anyhow, be it for compu-
tational or mnemonical reasons, it is clear that a label must be attached to
every economic flow, indicating if it is a good or a waste.

Formally, the set of economic flows A must be partitioned into two sets:
the goods G and the wastes W. The economic part of an arbitrary process

vector will then be written as
. g
a= <—w > (3.88)

With this, the criterion for multifunctionality then becomes as follows:

F#£k:((¢>0ANg>0)V(w; <OAwg <0)V(g;>0Aw, <0)) (3.89)
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or in words: two (or more) outputs of goods, two (or more) inputs of wastes,
or one (or more) output of goods and one (or more) input of wastes. The
three cases correspond to those mentioned in Section 3.2:

F#Ek:(g>0Ag,>0) (3.90)
for co-production,

Fi#k:(w; <0OAwg <0) (3.91)
for combined waste treatment, and

Fi#k:(g>0ANw, <0) (3.92)

for recycling.

The criterion of automatic cut-off is defined at the level of the system,
not of the individual process. It thus requires consideration of the technol-
ogy matrix:

Fi: (((37: 955 <O0) A (Bk 2 g > 0))V

((3] P Wi > 0) N (ﬂk Wik < 0)))

or in words: a good ¢ is cut-off when it is the input of one (or more) process

j and not the output of any process, and a waste ¢ is cut-off when it is the
output of one (or more) process j and not the input of any process.

(3.93)

3.4 Choice of suppliers

It is often the case that one economic flow is produced by more than one
unit process with different characteristics. For instance, electricity may be
produced by fuel-driven generators or by coal-fired plants. When this hap-
pens, the computational procedure outlined in Chapter 2 can be followed,
but only when certain rules are kept in mind.

3.4.1 Formulation of the problem

Let us change the basis of the economic part into

litre of fuel
kWh of electricity (3.94)
kg of coal

and include two new unit processes: production of electricity by a coal-fired
plant and mining of coal. The technology matrix becomes

—2 100 0 0
A= 10 0 10 0 (3.95)
0 0 -5 50
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With a final demand vector

0
f=| 1000 (3.96)
0

the inventory problem becomes to solve
As=f (3.97)

for the scaling factors s. This problem cannot be solved with matrix in-
version, because the technology matrix A is not square. As in the case
of multifunctionality, it is a rectangular matrix, but this time with more
columns than rows.

If we expand the matrix equation as a system of linear equations, we

find
—2xX514+100 %X s94+0x%xs834+0x%xs4=0

10 x 81 +0 X s2 + 10 x 83+ 0 x s4 = 1000 (3.98)
O0xs1+0Xs94+—-9xs83+50xs4=0

The solution to the original system s = ( 2 100 0 O )T works, as does

s = ( 0 0 100 10 )T and s = ( 1 50 50 5 )T. In fact, there is an
infinite number of solutions. In the case of multifunctionality, the system
was overdetermined; here it is underdetermined, as there are fewer equa-
tions than unknowns.

To solve the problem of indeterminacy, two approaches will be discussed.
These two approaches are not alternatives, as was the case for multifunc-
tionality. Rather, they provide two different views on the meaning of a
choice of suppliers in the context of LCA.

3.4.2 Comparison of alternative systems

The first approach is geared towards considering the alternative ways of
producing a certain product as one of main qualities of LCA. Such a
comparison necessarily involves making the products distinguishable by
their origin. For instance, we change the basis into

litre of fuel

kWh of fuel-derived electricity
kg of coal

kWh of coal-derived electricity

(3.99)
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The technology matrix is the changed into

-2 100 0 0
10 0 0 0
A= 0 4 5 s (3.100)

0 0 10 0

This is a square, invertible matrix. But what to do with the final demand
vector? We introduce two of them, one to represent a reference flow of 1000
kWh of fuel-derived electricity and one to represent a reference flow of 1000
kWh of coal-derived electricity. Thus

0 0
1000 0
fi = 0 and fp = 0 (3.101)
0 1000
This then yields two scaling vectors:
100 0
2 0
s1 = 0 and sg = 100 (3.102)
0 10

with direct consequences for two inventory vectors g; and g».
The issue of comparing several product alternatives is discussed more
extensively in Section 3.8.1.

3.4.3 Representing a mixing process

The second approach starts from observing that many products on the
market are bought from a large pool of identical products, where many
producers deliver only a certain share of the total volume available. For
instance, electricity taken from the grid is a mix of electricity by hundreds
of power plants, some old, some new, some hydro-operated, some nuclear,
etc. All these electricity flows are mixed, and one can point out at a certain
time, or averaged over one year, the proportions that all individual electric
power plants contribute to the total volume. The task is to capture this
idea in the matrix formalism. Notice that this clearly demonstrates that
the technology matrix, that contains the process data, is based on more
then technological information alone. In this case, market-based aspects,
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namely market shares, are included. In the case of consumption processes,
behavioural aspects are included as well.

In the example, let us assume that the share of fuel-derived electricity
is 60% and that of coal-derived electricity 40%. Then we define a mixing
process that has an output of 1 kWh of mixed electricity and inputs of 0.6
kWh of fuel-derived electricity and 0.4 kWh of coal-derived electricity. In
matrix form, relative to a basis

litre of fuel
kWh of fuel-derived electricity
kg of coal (3.103)
kWh of coal-derived electricity
kWh of mixed electricity

the technology matrix is

—2 100 0 0 0
10 0 0 0 —06
5 50 0 (3.104)
10 0 —04
0 0 1

o OO
o O O

and the final demand vector
0
0
f= 0 (3.105)
0
This yields a scaling vector

s=| 40 (3.106)

1000

with an inventory vector that is also a weighted mix of those for the indi-
vidual modes of electricity generation.

The example was about mixing of electricity. Electricity is indeed a
fairly homogeneous product which can be considered to be mixed. Other
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cases of mixing include bulk materials, like steel and oil. But from a macro-
point of view, small distinctions between competitive products may be ig-
nored in certain cases. For instance, when comparing the environmental
impacts of coke versus beer, one could decide to not compare coke of brand
X with beer of brand Y, but to compare the weighted mix of all coke brands
with the weighted mix of all beer brands. A still higher level of mixing is
required when one compares soft drinks with alcoholic drinks, which would
involve the mixing of coke, lemon juice, etc, as well as the mixing of beer,
wine, etc. One could also compare tomatoes from organic agriculture with
those from greenhouse culture. This would involve mixing of all organ-
ically grown tomatoes and the mixing of all tomatoes from greenhouses.
Choices like these are necessary for LCAs at a high levels of aggregation,
and represent cases in which LCA is used to analyse consumption scenarios.

3.4.4 Brief discussion

A general lesson from the above discussion is that every product should
come in one brand only. There should not be two unit processes producing
the same product. If there are, the two outputs should be made distin-
guishable by reserving a separate row for each. Appropriate names may
then be conceived, like fuel-derived versus coal-derived electricity or coke
of brand X versus brand Y. It may happen that technologies change in the
course of time. For instance, electricity production during construction of
a house may be different from electricity production during demolition of
that house, a hundred years later. Naming of economic flows could then
include a temporal qualification, like electricity AD 2000 and electricity AD
2100. Similarly, spatial qualifications may be added to distinguish Swiss
electricity from Austrian electricity. Sections 9.2 and 9.3 provide a further
discussions on spatial and temporal qualifications.

One consequence of the statement that every product should come in
one brand only, is that a technology matrix that includes a multifunctional
process cannot be square. Thus, the matrix (3.23) presented to illustrate
the substitution method (Section 3.2.2), namely

—2 100 -5
A=[10 0 o0 (3.107)
18 0 90

is ill-constructed. The proper representation should be the one presented
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later onwards in (3.28), namely

-2 100 -5
10 0 0

A=l 1% o o (3.108)
0 0 90

where the third row represents MJ of heat from facility X, and the fourth
row MJ of heat from facility Y. The crucial step in the substitution method
is that an explicit statement is made regarding the indistinguishable fea-
tures of the heat from brand X and brand Y. This assumed equivalency
then enables one to merge the two rows, so that indeed

-2 100 -5
A= 10 0 0 (3.109)
18 0 90

is obtained, where the third row represents MJ of heat from facility X or
Y. Observe that, contrary to the situation in Section 3.4.3, there is no
information on market shares of brands X and Y included in the above
technology matrix.

The ‘one brand axiom’ is not adhered to in many treatments of LCA; see
also Section 3.2.2 for an example. In Section 4.5, we will see how economic
models, most notable the supply/use framework and the activity analysis
are complicated by this defect.

3.5 Closed-loop recycling

In LCA, recycling is defined as the situation in which a unit process trans-
forms a negatively valued product or material (i.e. a waste) into a positively
valued product or material. The situation that a process transforms a prod-
uct or material with a small positive value into a product or material with
a higher value is not regarded as closed-loop recycling, but as a normal pro-
duction process, like production of steel plates from bulk steel. In general,
a recycling process is one of the many unit processes, and representation of
a recycling process is as usual. We have already discussed recycling as one
of the examples of a multifunctional process (see Section 3.2), and for han-
dling these, many methods have been described. So there does not seem to
be much need for a separate discussion of recycling. Closed-loop recycling,
however, presents a special case.
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3.5.1 Formulation of the problem

We speak of closed-loop recycling when secondary material produced by
a recycling process is completely fed back into one of the unit processes
of the same product system. When the material is transferred to another
product system, we speak of open-loop recycling. Open-loop recycling can
be treated in the way described in Section 3.2. Finally, when a recycling
process delivers only a part of the secondary material to the product system
itself, and part to another product system, we have a case of a mixture of
closed- and open-loop recycling. This section will concentrate on closed-
loop recycling.

Let us, for instance, suppose that a waste stream from fuel production
can be used in the electricity production process. We might call this recy-
cling of waste into electricity, or waste incineration with energy recovery.
Anyhow, consider the following technology matrix:

—2 100
A=| 10 0 (3.110)
~1 50

where the basis of the economic part is as follows:

litre of fuel
kWh of electricity (3.111)
kg of waste

The technology matrix is not square, and can not be inverted. This means
that the computational procedure described in Chapter 2 is not directly
applicable when a closed-loop recycling process is present. One may of
course apply an allocation step, either according to the substitution method
(Section 3.2.2) or according to the partitioning method (Section 3.2.3). But,
there seems to be a broad consensus that in case of closed-loop recycling,
“the need for allocation is avoided since the use of secondary materials
displaces the use of virgin (primary) materials” (ISO, 1998, p.12).
We can see that allocation is not needed by studying the system of

balance equations:

—2x 8 +100 x s90 =0

10 x 81 + 0 x s2 = 1000 (3.112)

—1x 81 +50xs9=0

It is immediately clear that the first and the third balance equation express
the same: the first one is the third one multiplied by 2. The third equation
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(or the first one, for that matter) is redundant. Intuitively, we can figure

out the solution to be
_( s1\ _( 100
s_(SQ)__< 5 ) (3.113)

The problem is now: how can we, in a formal setting, find a solution?
Heijungs & Frischknecht (1998) propose to replace the matrix inverse by
the pseudoinverse; see hereafter for a presentation. Two further sections
show what happens when an allocation step is performed anyhow: the
partitioning method (3.5.3) and the substitution methods (3.5.4).

3.5.2 Solution with the pseudoinverse

We return briefly to the discussion of regression analysis in Section 3.2.5.
In regression analysis, an overdetermined system is solved such that an
approximation appears that is as close as possible to the question. We
interpreted the length of the discrepancy vector as a variable to be min-
imised. The value obtained for this length is a measure of the quality of the
fit. Now, suppose that we find a length 0. This is the smallest length that
can be obtained, and it corresponds to the case of a perfect fit. This means
that application of the regression framework offers an approach to solving
the redundant system of equations in the case of closed-loop recycling.
Indeed, the formerly discussed expression

-1
s = (ATA) ATE (3.114)
gives in this case a perfect answer:

0
5= ( 0.008 0.002 0.004 ) 10000 = ( 5 ) (3.115)

Moreover, as the final supply vector in this case coincides with the final
demand vector, the discrepancy vector is a null-vector:

d=0 (3.116)

In this case, we have thus managed to find a perfect solution in an overde-
termined system with redundant equations. The expression

s = (ATA)_1 ATt (3.117)
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may be rewritten as
s=A"f (3.118)

where .
At = (ATA) AT (3.119)

Under certain conditions (see Harville (1997, p.495) and Albert (1972)),
the matrix AT is identical to a matrix that is known as the Moore-Penrose
inverse or the pseudoinverse. Notice, however, that the term pseudoinverse
is sometimes used to indicate the broader class of generalised inverses. We
thus see that the inventory problem

As=f (3.120)

with a rectangular matrix due to closed-loop recycling may be solved using
the pseudoinverse AT with the equation

s=A*f (3.121)
with a perfect match between final demand and final supply:
d=f-f=0 (3.122)

An allocation procedure may thus indeed be omitted for multifunctional
processes that are involved in closed-loop recycling, and the pseudoinverse
provides an exact solution in such cases. One should note that in real-
world calculations d may deviate from 0 due to computational round-off
(see Section 6.6).

The pseudoinverse of a square invertible matrix is equal to the normal
inverse. This means that the pseuodinverse can in principle always be used,
even in the case of a square invertible matrix. It is interesting, however,
to investigate the results if the multifunctional process would have been
treated with one of the methods that has been discussed in Section 3.2.
We will discuss what happens when the partitioning method is used and
when the substitution method is used in two separate sections.

3.5.3 Comparison with the partitioning method*

Suppose that we partition the multifunctional process that treats waste
and produces electricity into two independent monofunctional processes.
Concentrating on the technology matrix, we must introduce two allocation
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factors, A\; and Ao, to partition the input of fuel among the two independent
processes:

—2 100 0
A= A x10 0 Ayx10 (3.123)
0 50 -1

This is a square matrix, of which the inverse can be shown to be

Y S S v
N 1 2 0
’1 LA s S (3.124)

- A1+ Ao To)\l 1Ty
1

A

=]

provided that A; + A2 # 0. Multiplication with the final demand vector
yields

1 100
s = 2 3.125

Upon the usual restriction that A; + Ay = 1 this reduces to

100
= 2 (3.126)
100

Observe that the two processes that were obtained through partitioning
have the same scaling factor, 100. This means that, although they may
be varied independently, they are actually used to the same extent. Their
independence is not made use of. We moreover see that the same scaling
factors as in the unpartitioned case are found, 100 and 2, upon the re-
striction that the sum of the partitioned processes adds up to the original
multifunctional process. We may interpret this as that one could have par-
titioned the multifunctional process according to any allocation principle,
mass, energy, costs, but that in the case of closed-loop recycling this choice
of allocation principle is immaterial as long as the 100%-rule is satisfied.
Notice, however, that we have not provided a general proof of this.

3.5.4 Comparison with the substitution method*

As a second case, let us examine how the substitution method works in the
case of closed-loop recycling. Assume that an avoided process is added to
the system, to account for the avoided treatment of waste by using it for
electricity generation. The specification of this avoided process is left open
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for the moment, we assume that it requires ;1 litre of fuel and ko kWh of
electricity to absorb 1 kg of waste. Hence, the technology matrix becomes

-2 100 —xy
A= 10 0 —kog (3.127)
-1 50 -1
The inverse of this matrix is
-1 1 1_1_10FL2 #(m ~2 1 542
A = 1 — 2 ——5‘@(10 + Hz) gb“(f"il - 2) m(5f€1 + KZQ) (3128)
-1 0 2

Multiplication with the final demand vector gives

100
s’ = 2 (3.129)
0
provided that
kK1 —2#0 (3.130)

This last requirement comes down to demanding that the technology ma-
trix is non-singular, in this case that the avoided process is not a linear
combination of the other processes.

It indeed seems obvious to require that a zero scaling factor is obtained
for the avoided process in case of closed-loop recycling. After all, this
process is avoided when its function is substituted by an external co-product
flow, but in the case of closed-loop recycling the co-product remains system-
internal.

3.5.5 Brief discussion

The third approach towards dealing with multifunctional processes that
was discussed in Section 3.2 was the surplus method. This was shown to be
mathematically equivalent to an extreme form of partitioning. And above,
we have seen that allocation factors, even extreme ones, do not matter in
treating closed-loop recycling with partitioning as long as the 100%-rule is
not violated.

The presentation of closed-loop recycling is important for several rea-
sons:

o it shows how the matrix approach can deal with closed-loop recycling
without allocating;



The refined model for inventory analysis 73

e it shows that use of the partitioning method with an arbitrary ba-
sis for the allocation factors is equivalent to the approach without
allocation (as long as the 100%-rule is kept in mind);

e it shows that use of the substitution method is equivalent to the
approach without allocation (as long as no singular technology matrix
is obtained);

e it shows that, when an allocation method is used to treat systems
with closed-loop recycling, the technology matrix can be assumed to
be square.

This latter fact implies that the rest of this book can be restricted to a
discussion of the normal inverse of a square matrix, and that there is thus
no need to generalise the discussion to the pseudoinverse of a rectangular
matrix.

3.6 Inclusion of aggregated systems*

It frequently happens that one has performed the LCA-technique to calcu-
late the system-wide interventions of a certain product, and that one wishes
to use these system-wide results in a different LCA-study. For instance,
having calculated the interventions associated with 1 kWh of electricity
from a large database of unit processes, one wants to use these results as
one module in the calculations for a refrigerator. Indeed, the database by
Frischknecht et al. (1993) is intended for such uses. The inclusion of such
an aggregated system deserves a brief discussion. It should be made clear
that this section discusses the incorporation of system wide (i.e., cradle-
to-grave, cradle-to-gate, or gate-to-grave) results that are obtained from
an LCA, not from an input-output analysis. That topic finds a place in
Section 5.4 under the name hybrid analysis.

We start with the example system of Section 2.2, but we already reserve
a position for the economic flows with a third dimension, representing 1 hr
of cooling. The aggregated system, delivering 1000 kWh of electricity is

then
0

1000

f 0
14

—100
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We have written it as q, because it is composed of a final demand vector f
and an inventory vector g. Now, we will consider it as one of the vectors
of processes which builds such a system. This means that we form a new

basis
kWh of electricity

hr of cooling
kg of carbon dioxide (3.132)
kg of sulphur dioxide
litre of crude oil

and that the aggregated system is one of the processes that builds the
system in this new space:

1000
0
pi=| 120 (3.133)
14
~100

The process of using a refrigerator, neglecting the depreciation of the re-
frigerator itself, is the second process. For instance, it could be

—10
24

p2 = 0 (3.134)
0
0

indicating that 24 hr of cooling requires 10 kWh of electricity and is itself
free of environmental interventions. Then, the technology matrix is

1000 —10
A_< ; 24> (3.135)

and the intervention matrix
0
B= 14 0 (3.136)
0

Let us impose a reference flow of 100 hr of cooling. The system of equations

then becomes
1000 -10 st 0\ 0
( 0 24 ) ( $9 > - ( 100 ) (3.137)
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which can be readily solved for s, and hence for g.

Notice that we have carried out a reduction in both the number of rows
and the number columns of the technology matrix. In the original basis,
the system would have a technology matrix like

-2 100 0
A=| 10 0 -10 (3.138)
0 0 24

Obviously, the system of equations

-2 100 0 s1 0
10 0 -10 s | =1 0 (3.139)
00 24 53 100

would lead to different scaling factors s, but to the same interventions g.
The gain in reducing a matrix of dimension 3 x 3 to one of dimension
2 x 2 is small, but it will be clear that condensing a 500 x 500 system to a
1 x 1 system can be really important, even in an era in which a computer’s
memory size and clock speed are usually not limiting. A disadvantage of
the aggregation is that a breakdown of the results (see the contribution
analysis in Section 8.2.1) and an extensive analysis of uncertainties (see
Chapter 6 and Section 8.2.4) is no longer possible.

Also notice that one must choose between either including an aggregated
system and reducing the system, or not including the aggregated system
and not reducing the system. The reason can be illustrated as follows.
Suppose that we form a system with processes representing production
of electricity, production of fuel, aggregated production of electricity, and
using a refrigerator. The process matrix is

-2 100 0 0
10 0 1000 -10

A 0 0 0 24

b= (?) 1 10 120 0O (3.140)
01 2 14 0
0 —50 —100 0

The technology matrix A is of dimension 3x4, i.e. non-square. At the same
time, of course, the columns in P are dependent: pj is by definition a linear
combination of p; and ps. And the second flow, electricity, comes in two
brands, from p; and from py. Normally, a dependency of the columns would
lead to a singular matrix, with subsequent problems in inversion. Now, the
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three types of problems, rectangularity, dependency and violation of the
one brand axiom, can be said to cancel one another. Two solutions provide
approaches to obtaining an answer. In the first approach, we introduce
one new economic dimension: kWh of aggregated energy. The technology

matrix becomes
-2 100 0 0
10 O 0 —-10
A= 0 0 0 94 (3.141)
0 0 1000 O
or
-2 100 0 0
10 O 0 0
A= 0 0 0 94 (3.142)

0 0 1000 -10

depending on the question whether one decides to use the individual pro-
cesses or the aggregated system for the supply of electricity to the refrig-
erator. In the first case, the aggregated system is left unused and the
computation is open to more types of analysis (contribution analysis, un-
certainty analysis, etc.), in the second case, the constituting processes are
left unused. For the second solution, we refer to the use of the pseudoin-
verse (see Section 3.5.2) for solving over- and underdetermined systems of
equations.

In any case, the very reason of including aggregated systems in a dif-
ferent system was the reduction of memory requirements and computation
time. With that in mind, it seems strange to include an aggregated system
along with its constituent processes in one large system.

3.7 Some special unit processes and flows

One of the problems of the matrix formalism is that it is deceptively simple
in some respects. This applies in particular to the problems of including
certain unit processes in the representation by linear spaces, discussed in
Section 2.1. We will discuss consumption processes, transport processes,
storage processes and waste treatment processes. We will also be in a
position to clarify the meaning of the reference flow, at least in relation to
the matrix representation. Finally, we will address the issue of representing
waste flows.
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3.7.1 Consumption processes

The notion of a consumptive process is one that has been challenged a
number of times; see Heijungs (1997, p.25) for a number of quotations. In
the present context, one should acknowledge that consuming beer is in fact
converting beer into urine, and deriving a certain service or utility, the joy
of having a beer, from it. Similarly, consuming a car means converting a
new car into a used car and deriving a service, 50,000 kilometres of driving,
from it. Next, both material flows (beer and urine, new car and used
car) and non-material flows (the joy of having a beer, 50,000 kilometres of
driving) must be represented in the linear space that is assumed to host
the unit processes describing such consumptive processes. One might be
tempted to leave out the non-material flows, but then, consumption would
be a process that converts a valuable good (beer, new cars) into negatively
valued waste (urine, used cars). This paradox of value-lowering activities
can be resolved by including the increase of welfare due to the deduction
of utility from the material flows.

A concrete example may illustrate the representation of consumption
processes. Consider a linear space with basis

litre of fuel
new cars
used cars (3.143)
km of car-driving
kg of carbon dioxide

a unit process could be

-5

-107°
p=]| 107° (3.144)

100

10
to represent the input of fuel, the emission of carbon dioxide and the de-
preciation of a car involved in driving 100 km by car.

3.7.2 The reference flow

Incorporation of the service-delivering flow of the consumption process is
crucial to scale this process in relation to the reference flow. The consump-
tion process is a unit process like all others. This means that is part of
the flow chart of processes, and that the inventory problem should address
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the question of finding scaling factors for this process as well. When the
process specification is defined as in Section 3.7.1, and the reference flow is
1000 km of car-driving, we would have a scaling factor of the consumption
process of 10.

The reference flow can be seen as one well-defined mode of realising
the functional unit. If the functional unit is phrased in terms of ‘driving
1000 km,” and if two alternatives, car and train, are chosen as feasible
alternatives, we are led to consider the reference flows ‘1000 km of car-
driving’ and ‘1000 km of train-transport’. Suppose that we extend the
basis for above into

litre of fuel
new cars
used cars
km of car-driving
kWh of electricity (3.145)
new trains
used trains
km of train-transport
kg of carbon dioxide

Then the consumption processes for driving a car and transport by train
could be

-5 0
—1079 0
1079 0
100 0
p1 = 0 and py = —100 (3.146)
0 —10~12
0 10712
0 10
10 0

The vectors of final demand for car-driving and train-transport would then
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be

f, and f, = (3.147)

—
o
o
o
SO OO OO o

0 1000

Ignoring further upstream and downstream processes, the required scaling

10 0
8] = < 0 > and so = ( 100 > (3.148)

Section 3.8.1 discusses the computational aspects of product compar-
isons at length. For here is suffices to emphasise the importance of intro-
ducing a service-delivering flow, coming from the respective consumption
processes, representing the reference flows for the respective product alter-
natives, and embodying two particular modes of supplying the functional
unit to an exogenous consumer.

The concept of a reference flow is confusing in literature. Most discus-
sions focus on performance characteristics, related to the way a consumer
uses a product, like the dosage of washing powder that is used for washing
a standard amount of clothes. We take the position presented by Guinée et
al. (2002) that such information is part of the process data, and is therefore
to be treated as an inventory concept. The reference flow is then the nature
and amount of the service-delivering flow, emanating from a consumption
process, which is assumed to be one mode of ‘incarnation’ of the functional
unit. Thus, 1000 hour light might be a functional unit, while 1000 hour
incandescent lamp-light is a possible reference flow.

factors would be

3.7.3 Transport processes

Transport is an economic activity, with has inputs of fuels and capital
equipment, and which is aimed at the shipping of a good from one location
to another location. Its representation in flow charts for use in LCA is
often unclear. As transport is between almost any two unit processes, it
is often left out altogether, or one box is used to indicate transport, with
arrows going to many of the other unit processes. It is therefore of interest
to study the incorporation in the matrix structure in some detail.
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One obvious way of including the aspect of transportation is to define an
economic flow for the service km (or kgxkm) of transport. Then there are
aeroplanes, cars, trucks or trains which produce this service, and there are
unit processes which require it as an input. For instance, the unit process
traveling to a holiday resort requires a certain amount of this flow. However,
more complicated is the situation that a unit processes, say production of
tables, requires plastic, and that this plastic has to be transported to the
appropriate location. It would be a bit strange to define the process of table
production in terms of requiring a certain amount of plastic and a certain
amount of transport of that plastic. A different representation starts from
the idea that plastic at location X is different from plastic at location Y.
The production of tables requires plastic at location X, and the production
of plastic produces plastic at location Y. Then a transport process is a unit
process which has plastic at location Y as an input and plastic at location
X as an output. Other inputs are fuel and new trucks, other outputs are
used trucks and carbon dioxide.

In practice, it may be convenient to use these two ways of represent-
ing transport processes in one system. Transport of a material from one
factory to another could then employ the second type of representation,
while transport of persons by train or car could employ the first type of
representation.

3.7.4 Storage processes

While transport is an activity that converts a product from location X into
a product at location Y, storage is an activity that converts a product at
time X into a product at time Y. The same principles as in Section 3.7.3
can therefore be applied to storage processes. Here the input typically
consists of cooling, or other ways of conservation.

Due to degradation (e.g., by corrosion) or damage (e.g., by insects) the
amount present at time Y may be less than the amount at time X. Parts of
the good may also disappear during storage and show up as an atmospheric
emission of the storage process. Occasionally, quality differences (for the
better or the worse) may occur during storage that force one to assign
different names (and hence to assign different rows) to the good at time X
and at time Y. This happens for instance in storage of cheese.
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3.7.5 Waste treatment processes

Several times, in Sections 3.1 and 3.7.1, economic flows with the connota-
tion of waste were encountered. Used generators and used cars are material
products that are undesired. No one will buy a used generator or a used
car in the meaning of one that is broken, and that should be treated in
accordance with the legislation on waste. Such products have in general a
negative economic value: the owner has to pay to carry it over to a waste
treatment process.

It is then clear that the system should in principle contain a waste
treatment process, that has the used generator or used car as an input.
Possible other inputs are fuel, electricity, outputs comprise atmospheric
pollutants and sometimes recycled material or recovered energy. See also
Section 3.2 for a general discussion of possible multifunctionality problems
involved in such unit processes. At this place, it is important to emphasise
the structure of material products with a negative value, that flow from a
production or consumption process towards a waste treatment process.

An alternative formulation would abandon the concept of material prod-
ucts with a negative value, and replace it by the service waste processing.
A consumption process would in that case not have a used car as an out-
put, but require the input of a service: used car demolition. The waste
treatment process would not have used cars as an input, but the service of
used car demolition as an output. When consistently followed, this struc-
ture would produce identical results as the former one. It is perhaps more
likely to lead to errors in system construction. The formulation in terms
of material products is expected to lead to a clearer picture of the flows in
the system.

We admit, however, that the material point of view of waste processing
will not in all cases lead to a sensible representation. For instance, the
process of office cleaning is perhaps better conceived as providing the service
of cleaning than as absorbing a certain amount of dust and dirt.

3.7.6 Waste flows

As several of the special processes discussed above make clear, waste flows
can be seen as running between production or consumption processes and
waste treatment processes. In following this interpretation, one adheres
to the view that the flow of processes reflects a certain temporal ordering,
where waste treatment is something that happens ‘downstream’, i.e. after
the waste has been produced.
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It is, however, possible to develop a different interpretation and rep-
resentation for waste flows; see the previous section. That interpretation
is based upon the idea that waste treatment facilities provide a function:
getting rid of waste. The example on car-driving in Section 3.7.1 would
then be reformulated in a linear space with basis

litre of fuel
new cars
demolition of used cars (3.149)
km of car-driving
kg of carbon dioxide

so that the unit process that represents driving 100 km by car would look
like

p=| —-107° (3.150)

It has not an output of 102 used car, but an input of 10~ units of the
service of demolition of used cars.

When the definition of the waste treatment is changed in consistency
with this change of basis, the system looks similar, with the difference that
all numbers in the row representing demolition of used cars have changed
sign. The inventory vector remains — of course — unaffected.

The choice between representing waste as a flow or the service of waste
treatment as a flow is one of psychological arguments. A number of such
arguments are as follows, all relating to the case of representing the service
of waste treatment instead of the flow of waste:

e it is no longer necessary to partition economic flows into goods and
wastes;

e the temporal ordering of the processes flow diagram is distorted;

e the multifunctionality of a process is immediately visible in the form
of more than output;

e the mass balance of a process is more difficult to check.

In this book, we have chosen for representing the physical flow, ¢.e. waste,
instead of representing the service, i.e. treatment of waste. This is not
fundamental, and one could easily reformulate the text in accordance with
the second interpretation.
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3.7.7 Environmental flows

Economic flows were discussed to be distinguishable into goods and wastes.
Moreover, qualifications for temporal and regional differentiation of flows
and brands of flows were discussed. For environmental flows the situation
is similar but not exactly identical.

We can still distinguish environmental flows according to the region or
the time period in which they are emitted or extracted. We can not distin-
guish goods and wastes or brands. But there are other aspects of interest
here. It is convenient to distinguish several emission compartments, like
air, water and soil, so that, for instance, mercury to air and mercury to wa-
ter receive different rows in the intervention matrix. In impact assessment
(see Section 8.1), they will often have different characterisation factors, so
that a separation in the inventory analysis is needed.

Another distinction that may be useful is that between extractions of
resources (often identified with inputs) and emissions of chemicals (often
identified with outputs). Because emissions may occasionally show up as
inputs of a process (and then be interpreted as a negative emission, like
in sequestration of carbon dioxide by forestry) and resources as outputs
(like in reintroduction programmes of wild animals), it may occasionally
be useful to distinguish resources from emissions in a more explicit way
than by the mere sign in the intervention matrix.

Finally, the distinction of substance speciation is one that may induce
one to define a finer subdivision of environmental flows. For instance, Cr3t
and Cr%7 are two different forms of chromium with important differences in
toxicological effects. Likewise, different forms of mercury may be of interest
as well. The degree of refinement will be the result of an interplay between
the availability of process data and the possibility for a separate treatment
in impact assessment.

3.8 More than one reference flow

So far, we have discussed the case of analysing one product system with
a definite final demand vector. It happens frequently, however, that one
wishes to analyse more than one product system, or that an analysis of
two or more final demand vectors, corresponding to two or more reference
flows, is required. Two such instances occurred already in Sections 3.4.2
and 3.7.2. This section discusses two situations in which this occurs.
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3.8.1 The comparison of product alternatives

Instead of defining one single final demand vector f, several of such vectors
fi,fo, ... may be selected. The inventory problem

As=f (3.151)
then becomes a series of inventory problems:

A51 = f1
Asy =1, (3.152)

Such a series of systems of equations may conveniently be written as

AS=F (3.153)
where
F=(fi|fh]...) (3.154)
and
S=(s1]s2|...) (3.155)

While the solution for a square invertible technology matrix A is given by
s=A"'f (3.156)

the solution to such a series of matrix equations may be expressed as
S=A"'F (3.157)

A similar augmentation of the inventory vector may be applied by replacing

g =Bs (3.158)
by
G =BS (3.159)
where
G=(g|&]| ) (3.160)

Notice that this implies

G =BA'F=AF (3.161)
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so that the intensity easily links a number of final demand vectors with a
number of inventory vectors. Finally, the system vector q;, qg, ... may be
arranged into Q:

QZ(Q1\Q2\~--)=<%> (3.162)

but this is a form that will be of little use.

It is clear that the inventory problem, formulated in terms of As; = fj
and solved as f, = A~ !s; has one and the same technology matrix for every
product alternative k. Moreover, it involves one single matrix inverse A~
It is also clear that the expression gy = Afy involves one unique matrix
product: A = BA™!, where A and B and hence the intensity matrix
A have no index for the subscript k. This implies that several product
alternatives may be analysed simultaneously, without the need to redo the
construction of the technology matrix, the decisions and manipulations as
to cut-off and allocation, and so on. Elements of the matrix G may be
compared across columns, to compare product alternatives. For instance,
the quantity g1 — g12 measures the difference between system 1 and system
2 for the first environmental flow. One would be tempted to consider a
positive difference as a beneficial judgement for system 2. However, this
also depends on the meaning and environmental significance of the flow.
For instance, such a positive value could indicate an advantage of system
1 for natural resources. The simultaneous analysis of several alternative
systems is especially interesting in the context of a statistical analysis. See
Section 6.4 for a discussion.

3.8.2 A database of inventory tables

A special case occurs when one wishes to make available the aggregated
inventory tables for many different types of reference flow. For example,
when the first flow represents litre of fuel and the second flow represents

kWh of electricity, the final demand vector f; = ( 10 )T represents the

reference flow 1 litre of fuel and the final demand vector f5 = ( 01 )T
represents the reference flow 1 kWh of electricity. The corresponding vec-
tors g1 = Af; and go = Af; represent their inventory vectors. If we merge
the two final demand vectors into

F=(fi|fh| )=1 (3.163)

the resulting matrix
G=(g|g]| ) (3.164)
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represents the associated inventory vectors. G can thus be interpreted as a
database of inventory tables. Because F is equal to the identity matrix I,
and in general G = AF ,G can simply be written as the intensity matrix:

G=A (3.165)
For obvious reasons, we will write Fy and Gy for these two special matrices:
Fr=1 (3.166)

and
Gi=A (3.167)

The interesting feature is that an arbitrary final demand vector f can be
written as a linear combination of the column vectors of F1. For instance,

the final demand vector
10
( 5 ) (3.168)

(1 0) () 2100

f = Fif (3.170)

can be written as

Obviously,

Given the matrix Gy, the inventory table associated with this choice of £
is simply
g = GIFIf = GIf = Af (3.171)

This shows that the matrix Gy or A can be used for a straightforward
computation of the inventory table g of an arbitrary final demand vector
f. This idea has been employed by Frischknecht et al. (1993). A further
interpretation of the intensity matrix A has been placed in Section 2.7.

3.8.3 Structural universality and sleeping processes

The fact that different product systems are computed with the same tech-
nology matrix and intervention matrix implies that the structure of the
economy-environment is the same for every product alternative. Hence,
the (qualitative) flow diagram of processes is equal for every product al-
ternative considered. The only difference between product alternatives is
that a different reference flow is used in the final demand vector, leading to
a different scaling factors. Hence, one might say that all process flow dia-
grams are qualitatively the same, and that they only differ in quantitative



The refined model for inventory analysis 87

terms. The structural equivalence of alternative product systems leads to
an interesting analysis of this structure, as discussed in Chapter 7.

There is another item of interest in connection with this structural
universality. It may happen that certain processes do not play a role in
a certain LCA. For instance, it may well be the case that a reference flow
for electricity does not make an appeal to the production of wheat. The
scaling factor for the process of production of wheat will then be zero, and
there is no need to give such a sleeping process a special treatment. It is
not necessary to exclude this process from the system. For instance, when
we add to the old example a third flow, representing kg of wheat, and a
third process, production of wheat, which may or may not use the existing
flows, we find a new technology matrix:

—2 100 0
A=| 10 0 -1 (3.172)
0 0 100

It may be inverted, and the scaling factor for the third process when re-

quiring a final demand of f = (0 1000 0 )" is indeed s3 = 0.

In fact, sleeping processes will occur quite often in product comparisons.
When one compares an incandescent lamp with a fluorescent lamp, the first
product system will have a sleeping process of fluorescent lamp production,
while the second one will have a sleeping process of incandescent lamp
production. As shown above, such cases need not bother us, and there
is no reason for defining two technology matrices, one without fluorescent
lamp production and one without incandescent lamp production. One and
the same technology matrix may be used, and it is in fact advisable to
do so, in relation with advanced types of analyses (like the discernibility
analysis of Section 8.2.7 and the structural analysis of Chapter 7).

The automatic cut-off procedure, described in Section 3.3.2, also works
fine. In the example, the third flow occurs with a positive coefficient, never
with a negative coefficient. Because wheat is a good and not a waste, this
does not meet the criteria for automatic cut-off stated in Section 3.3.4.

There are situations, however, in which sleeping processes might be of
concern. This is especially the case when the sleeping process is multifunc-
tional. When this happens, one would enter an allocation procedure, while
a scaling factor of 0 would obviate the need for allocation. One solution to
this is the removal of such processes from the technology matrix. Another
solution involves the use of the pseudoinverse; see Section 3.2.5. Finally, it
should be mentioned that the choice of the allocation principle for sleeping
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processes does not affect the results obtained. Although allocation can be
avoided here, it does not harm as well.

3.9 Types of final demand

In Section 2.2, it was noted that many different choices for the final demand
vector f are possible. From a computational point of view, any choice of f
is fine. There are, however, different interpretations belonging to different
forms of f. These differences relate to the values of the elements of f in
relation to the meaning of the basis of the linear space in which is situated.

In most practical situation, there will only be one non-zero element in
f. We have identified this element, say f,., as the system’s reference flow,
¢. We will momentarily restrict the discussion to the case that all other
elements of f indeed are zero. This restriction will be released in Section
3.9.4.

3.9.1 Cradle-to-grave analysis

We start by reconsidering the example of Section 3.7.1 and assume that
the reference flow is 100 km of car-driving. This is a non-material service,
that is produced by a system and that can be ‘enjoyed’ by a consumer.
It, amongst others, involves the use of a car, which implies the need to
produce a new car, as well as the need for waste treatment of a used car,
even though this is only a tiny fraction of a car. The point is that no
material product leaves the system (except of possible economic flows due
to cut-off). A system in which only a non-material service leaves the system
as a reference flow is normally interpreted as a cradle-to-grave analysis. All
material flows are produced and treated inside the system. This is the
most usual type of LCA, and it is the type of LCA that truly can be seen
as covering an entire life cycle.

Other examples of reference flows of a cradle-to-grave analysis include
electricity, having cut your hair, having had a bath, having had a good
dinner and having seen a movie on TV.

3.9.2 Cradle-to-gate analysis

It can also be that the reference flow is an output of a material product
with a positive economic value, i.e. a good, such as a TV, an electromotor,
steel, PVC or a banana. In those cases, we do not investigate the grave of
the product. The usual interpretation is that the product is followed until



The refined model for inventory analysis 89

the gate of the ‘factory’ where it is produced or sold or, sometimes, until the
household where it is consumed. The upstream processes are in principle
included. The term cradle-to-gate analysis is often used to indicate such
LCAs. Strictly speaking, such analyses do not cover the entire life cycle,
and are therefore not an LCA pur sang. Notice that the reference flow is
not a service-delivering flow, as in Section 3.7.2, but a material object.

3.9.3 Gate-to-grave analysis

The opposite of a cradle-to-gate analysis is also possible. The reference flow
in such a case is the input of a material product with a negative value, a
‘bad.” Examples include chemical waste, household waste and waste water.
The system investigated is in those cases a waste-treatment system, and
may include dumpsites, incinerators, waste water treatment plants, and so
on. An appropriate name for such an analysis could be a gate-to-grave
analysis. This name is normally not used. The idea of an LCA for waste
treatment systems is found at many places in literature, however. Loosely
speaking, one can say that a cradle-to-grave analysis and a gate-to-grave
analysis add up to a cradle-to-gate analysis, although one might then miss
(or duplicate perhaps) the consumption process. Again, the reference flow
is a material object, not a service.

3.9.4 More general analyses

Above, three special cases have been distinguished: output of a non-mate-
rial service, output of a material product with a positive value, and input
of a material product with a negative value. We did not discuss the input
of a non-material service, the input of a material product with a positive
value, or the output of a material product with a negative value. Neither
did we discuss the mixed case of several inputs and/or outputs of possibly
different natures. It is difficult to assign sensible meanings to such final
demand vectors in a general way. Occasionally, it may be needed to inves-
tigate such systems, most notably when the subject of interest is a bundle
of commodities, as is for instance the case in studying the environmental
consequences of entire households, societies or countries. We then start
to use LCA for the analysis of scenarios. The mathematical formulation
in terms of an arbitrary final demand vector then provides the necessary
apparatus, although it may be questioned if the basic assumptions of the
LCA-model as used here, which lead to the use of linear steady-state mod-
els, are applicable to such large-scale scenario studies.
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3.10 General formulation of the refined model for
inventory analysis

The previous sections have demonstrated that the basic model of Chapter
2 cannot be directly applied in certain cases. Especially, problems arise in
connection to cut-off (Section 3.1), multifunctionality and allocation (Sec-
tion 3.2), and closed-loop recycling (Section 3.5). This section concludes
this chapter with a general formalism that includes these special situations.

Axiom 3 Economic flows can be divided into two sets: goods, which have
a positive utility, and wastes, which have a negative or zero utility.

This definition is needed to be able to define and deal with multifunc-
tional processes. One might want to replace the word utility by price or
value. We have used the somewhat vaguer term utility because it leaves
some freedom to specify what price or value is meant: market prices,
shadow prices, prices corrected for taxes or subsidies, etc. In most practical
cases, the division will be easy: steel, electricity, newspapers and cleaning
services are goods and household waste, sewage efuent and used batteries
are waste.

Definition 6 An economic flow is said to be cut-off when, in case of a
good, all coefficients for that flow in the technology matriz are non-positive,
and in case of a waste, all coefficients for that flow in the technology matrix
are non-negative.

The rationale of this definition is as follows. A good ¢ that is absorbed by
one or more processes but not produced by a process has only coefficients a;;
that are zero or negative. This applies, for instance, to capital goods that
are needed but for which no production data are available. The opposite
case is represented by waste flows that are generated but for which no
treatment processes have been described. There, the coeflicients a;; are
Zero or positive.

Definition 7 A process is said to be multifunctional when it absorbs two
or more wastes, produces two or more goods, or absorbs one or more wastes
and produces one or more goods. Otherwise, it is said to be monofunctional.

The discussion of Sections 3.4.3 and 3.8 show that we run into problems
when there one good is produced by more than one process. In this case, of
which we might say that there are several brands of that particular good,
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we would find several scaling factors that may be adjusted to produce a
certain demand, leading to a problem of indeterminacy. It would be nice
if we could derive a theorem on this subject, but we have not been able to
do so, and therefore are forced to postulate the following axiom.

Axiom 4 A technology matriz should not contain two or more processes
that produce the same good or that absorb the same waste. This is equivalent
to saying that each economic flow should come in one brand only.

Lemma 2 A technology matriz is square if and only if no economic flows
have been cut-off and no process is multifunctional. It has more rows than
columns if and only if economic flows have been cut-off and/or multifunc-
tional process have been included.

Proof From Axiom 4, Definition 6 and Definition 7 it follows that in
absence of cut-off and multifunctionality, every process produces one good
or absorbs one waste, every good is produced by one process and every
waste is absorbed by one process. This corresponds to a square technology
matrix. Conversely, in a square technology matrix, there is exactly one
process to produce each good or to absorb each waste. There are thus no
flows left to account for cut-off or multifunctionality. This proofs the first
part. In case of cut-off, there are flows (rows) for which there is no process
(column), and in case of multifunctionality, there are flows (rows) that have
no monofunctional (column), but that share a process with another flow.
This proofs the second part of the lemma. Q.E.D.

Conjecture 1 A system with a technology matriz which has more rows
than columns can be solved exactly in either of two ways: with the pseu-
doinverse of the technology matriz

s=A"f (3.173)

or with
s=A"f (3.174)

where A’ is a square and invertible matriz that is derived from the tech-
nology matriz A and ' is derived from £ by means of eliminating rows of
A and £ that correspond to cut-off, by adding columns to A to account for
so-called avoided processes, and by replacing columns of A that represent
multifunctional processes by a number of monofunctional processes.



92 Chapter 3

Sketch of a proof First, we will enter s = A™f into the equation f=As
(see also Lemma 1). This yields

~ -1
f=AATf=A (ATA) ATf (3.175)

Whence it follows that _
ATf = AT (3.176)

From elementary linear algebra, it follows that s = A'f may indeed oc-
casionally be an exact solution to As = f. For the second part of the
proposition, we do not have a formal proof yet, but have to rely on the
ideas that were presented in Sections 3.1 and 3.2.

Clearly, this last conjecture should become a theorem in due time.

3.11 An extended example

This chapter has shown how the basic model is to be applied, interpreted
and adapted for situations arising in real life. We conclude this chapter
by showing how the various adaptations are to be applied in an example
case. This example case is more complex than that discussed before. It
contains two multifunctional processes, one treated with the substitution
and one with partitioning method, it comprises two alternative product
systems with two separate reference flows emanating from two consumption
processes, it contains economic flows that are categorised as goods and
wastes, and it contains flows to be cut-off. On the other hand, the example
is not yet so complicated as a real example. A real example may include
matrices with several hundreds of rows and columns. These are difficult to
display, and perhaps even more difficult to interpret in words. Therefore
this example presents a moderate-size hypothetical case. It is a modification
of the example in Heijungs & Kleijn (2001). All calculations have been
made with the CMLCA software.
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The basis of the economic part of the linear space is

incandescent lamps
MJ of electricity
disposed incandescent lamps
hr of incandescent lamp light
kg of glass
kg of copper
kg of fuel (3.177)
fluorescent lamps
disposed fluorescent lamps
hr of fluorescent lamp light
MJ of heat
kg of recycled copper
kg of waste residue

The partitioning of economic flows into goods and wastes is done such that
the third and the ninth flow — disposed lamps — are wastes, as well as the
13th, waste residue. Thus, G={incandescent lamps, MJ of electricity, hr of
incandescent lamp light, kg of glass, kg of copper, kg of fuel, fluorescent
lamps, hr of fluorescent lamp light, MJ of heat, kg of recycled copper} and
W={disposed incandescent lamps, disposed fluorescent lamps}.

The names of the processes is ‘use of incandescent lamps’, ‘production
of incandescent lamps’, ‘production of electricity’, ‘incineration of disposed
incandescent lamps’, ‘production of glass’, ‘production of copper’, ‘produc-
tion of fuel’, ‘use of fluorescent lamps’, ‘production of fluorescent lamps’

and ‘incineration of disposed fluorescent lamps’.
The technology matrix A is

-1 1000 0 0 0 0 0 0 0 0
—10000 —1000 1 x 108 0 —100 —10000 0  —5000 —3000 0
1 0 0 —100 0 0 0 0 0 0
5000 0 0 0 0 0 0 0 0 0
0 —~10 0 0 1000 0 0 0 —20 0
0 -5 0 0 0 100 0 0 —150 0
0 0 —500 0 0 0 1000 0 0 0
0 0 0 0 0 0 0 -1 1000 0

0 0 0 0 0 0 0 1 0 —100

0 0 0 0 0 0 0 25000 0 0
0 0 2 x 108 0 0 0 0 0 0 0
0 0 0 0.5 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 2

(3.178)

From these definitions and coefficients, it appears that flow 13 (waste
residue) is a waste that is produced but not treated, thus must be sub-
ject to cut-off. Furthermore, there are two multifunctional processes: the
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third (production of electricity) and the fourth (incineration of disposed
incandescent lamps). The first of these will be treated with the partition-
ing method, allocating 0.8 to electricity and 0.2 to heat. The second one
will be treated with the substitution method, considering recycled copper
as equivalent to copper, with a correction factor of 0.9 to account for differ-
ences in quality. Although process 1, for instance has 2 outputs, it is not a
multifunctional process, because only one of these outputs is a good. The
technology matrix after cut-off and allocation A’ becomes:

-1 1000 0 0 0 0 0 0 0 0 0
—10000 —1000 1 x 10° 0 0 —100  —10000 0 —5000 —3000 0
1 0 0 0 —100 0 0 0 0 0 0
5000 0 0 0 0 0 0 0 0 0 0
0 —10 0 0 0 1000 0 0 0 —20 0
0 -5 0 0 0.45 0 100 0 0 —150 0
0 0 —400 —100 0 0 0 1000 0 0 0
0 0 0 0 0 0 0 0 -1 1000 0

0 0 0 0 0 0 0 0 1 0 —100
0 0 0 0 0 0 0 0 25000 0 0
0 0 0 2 x 108 0 0 0 0 0 0 0

(3.179)

This matrix is square and non-singular, hence it is invertible. The inverse
A7t is occupies too much space to display here.

Let us specify the functional unit as ‘10 hr of light’, and define two
alternative reference flows: ‘10 hr of incandescent lamp light’ and ‘10 hr
of fluorescent lamp light’. These can be formalised as two alternative final
demand vectors:

0 0
0 0
0 0
10 0
0 0
0 0
fi=]| 0 |andfr=] 0 (3.180)
0 0
0 0
0 10
0 0
0 0
0 0

These final demand vectors are modified in accordance with the cut-off and
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allocation operations, and change into

0 0
0 0
0 0
10 0
0 0
fi=] 0 | andf's=| 0 (3.181)
0 0
0 0
0 0
0 10
0 0

Multiplication of the inverse of the modified technology matrix with the
two respective final demand vectors yields the scaling vectors for both al-
ternative systems:

0.002 0
2 x107° 0
2x107° 2x 1076
0 0
2x107° 0
si=] 2x107® | ands’y=| 8x107? (3.182)
1x 1078 6 x 1077
8 x 107° 8 x 1077
0 0.0004
0 4x1077
0 4 %1076
The basis of the environmental part of the linear space is
kg of carbon dioxide to air
kg of sulphur dioxide to air
kg of copper to soil (3.183)

kg of sand
kg of copper ore
kg of crude oil

Note the indication of compartments ‘to air’ and ‘to soil’. The intervention
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matrix B is in the unallocated form

0 0 1000 100 O 0 200 0 0 200
0 0 100 O 0 0 5 00 0
00 0 075 0 0 0 0 0 4 ‘
00 0 0 -1000 O 0 0 0 0 (3.184)
00 0 0 0 -1000 0 0 0 0
00 0 0 0 0 -1200 0 0 O
and after allocation, it is B':
0 0 800 200 100 0 0 200 0 0 200
0 0 8 20 0 0 0 5 00 0
00 0 0 075 0 0 0 0 0 4 f
00 0 0 ©0 —1000 O 0O 0 0 0 (3.185)
00 0 0 0 0 -10000 0 0 0 0
00 0 0 0 0 0 —-1200 0 0 O

Observe that cut-off does not affect B, but that allocation does.
Multiplication of this matrix with the two scaling vectors yields the two
inventory vectors:

0.020 0.0026
0.0016 0.00016
1.5 x 107° 1.6 x 107°
BL=| _gyq0-5 | MdE2= | gy q0-6 (3.186)
1% 1075 ~0.0006
—0.0096 ~0.00096

The first three rows represent outputs of the system, the last three inputs.
The cut-off procedure effectively partitions A into A’ and A", where
the latter one is given by

(00000DO00O0O0O0O0 2) (3.187)
Multiplied with the scaling factor for s;;, we find

f'=(8x107"°%) (3.188)
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Stacking f’ and f” yields the final supply vectors for the two systems

94 x 1071
1.6 x 1076
—8.7x 10”11
10
2.2 x 10712
—1.9 x 10712
—2.4x 10710
0

S OO OO

and ?2 =

so that the discrepancy vectors are

d;

—9.4 x 1011
1.6 x 1076
—8.7x 107U
0
2.2 x 10712
—1.9x 10712
—2.4x 10710
0

[ew Rl en N an il an B an]

and dg =

0
—5.7%x 1078
0
0
—3.2x10"13
—4.2 x 10712
3.4 x 10711
1.5 x 10711
3.6 x 10711
10
0
0
8 x 10~
0
—5.7x 1078
0
0
—3.2x 10713
—4.2x 10712
3.4x 1071
1.5 x 10711
3.6 x 101!
0
0
0
8 x 1076

(3.189)

(3.190)

Clearly, the cut-off is not relevant for sleeping processes, and as process 13
is only involved for the second product alternative — fluorescent lamps —
the cut-off causes only a discrepancy for that alternative. The other items,
mostly around 107!, may be interpreted as resulting from round-off; see
Section 6.6 for more information.
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The intensity matrix A’ follows from multiplication of B’ and A’ !:

0.0013
0.00088
-1
0.002
8.8 x 105
0.088
0.2
0.016
-2
0.00026
0.00011

0.00012 0 —0.01
8.2 x 1075 0 0
3.69 x 105 —0.0075 0
0.00016 1.5%x 1076 —2x 106
8.2x 1076 0 -1
0.0082 0 0
0.005 0 0
0.0015 0 —0.02
0 —0.04 0
1.6 x1075 16x107% —-8x10~7
1x 1075 0 0

—0.05
0
—0.045
—1x10°

—6x 1075
0

—0.00072
—0.00048
—0.00021
—0.00096

—4.8x 1075

—0.048
—1.2
—0.0086
0
—9.6 x 1075
—6x 1075

(3.191)

We could, finally, pursue to construct and display the process matrix P and
the system vector q, but this does not add a clear value to this example.
The present example makes clear, amongst others, that a matrix for-
malism greatly facilitates the handling of large amounts of process data as
occurs in a typical LCA. But it also demonstrates the problems involved
in displaying and overviewing the large matrices that result from a matrix-
oriented treatment. Chapter 7 will explore some preliminary techniques to
overcome these problems.
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Advanced topics in
inventory analysis™

This chapter deals with some quite sophisticated topics. The material is not
essential for an understanding of the computational structure of LCA per
se, but it points out some interesting connections to alternative approaches
to LCA.

4.1 Alternative ways of formulating and solving
the inventory problem

In Chapter 1, we observed that the computational structure of LCA is
only seldom discussed in the standard books on LCA. It is therefore often
impossible to describe the approach followed by other authors to formulate
and solve the inventory problem. A similar argument applies even more
strongly to software for LCA. Documentation of software for LCA is often
geared towards using the program, and technical issues of implementation
tend to be left out. Moreover, this documentation is often shipped with the
software, at costs of several thousands of dollars or euros, so that these texts
cannot be considered as ordinary public knowledge. Finally, in concrete
LCA case studies, the computational approach employed is not discussed,
or it is only referred to in terms of the software that was used.

In a limited number of cases, such information is available, to a greater
or lesser extent. From this, it emerges that a formulation and solution in
terms of matrices is not the only approach. It is even not the one used
most frequently; see also Section 1.1.2. Some alternative approaches are
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discussed in this section. It should be noted that the descriptions provided
are not always completely clear or complete.

Given the fact that the computational structure of inventory analysis
is not often discussed, it is not surprising that comparative analyses are
even harder to find. As far as known by the authors, Heijungs (1994) and
more recently Melo (1999) and Suh & Huppes (2002) are the only ones to
provide comparisons of a number of such approaches.

4.1.1 The sequential method

The most popular way of formulating and solving the inventory problem
seems to be the sequential method. Here, the scaling of the processes is
achieved not simultaneously but in a sequential way. Let us consider the
example of a reference flow of 1000 kWh of electricity. The first process
produces 10 kWh of electricity, hence we need to scale it by a factor of
100. This then leads to 100 kg of carbon dioxide, and to a demand for
200 litre of fuel. As the second process produces 100 litre of fuel, we need
to scale this process by a factor of 2. This gives another 20 kg of carbon
dioxide. For a large system, this procedure of moving further upstream
must be repeated many times. In addition, it must be carried out for
the downstream processes as well. After this the individual contributions
of the same environmental flow can be added. In the example, we find
100 + 20 = 120 kg of carbon dioxide.

The sequential method is trivial and easy to understand. It is however
not easy to formalise with mathematical notation. Some attempts have
been made; see, e.g., Liibkert et al. (1991) and Anonymous (1995). The
formulation in terms of a matrix inversion is perhaps less trivial, but it has
the advantage of providing a formalism that can be subject to various sorts
of analysis; see for instance Chapter 6.

Another disadvantage of the sequential method is of a more practical
nature. When the linkage of the processes is not purely linear but is a
network which includes feedback loops, the sequential method becomes
difficult to apply. Feedback loops occur frequently in industrial systems.
For instance, mining of coal needs electricity, while production of electricity
needs coal. This is most often not regarded as a feedback loop, but more as
a mutual dependency. From a logical point of view, there is no difference
between feedback loops and mutual dependencies. The crucial element is
that the processes cannot be delineated in a linear way, but can instead
be said to bite in their own tail. Closed-loop recycling (see Section 3.5)
is another example of a situation in which feedback loops exists in the
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system. Let us suppose that fuel production needs a certain amount of
electricity. Then, to make electricity we need fuel and to make fuel we need
electricity. To make this electricity, we again need fuel, and so on and so
on. An infinite sequence of upstream processes would be involved. When
the sequential method is implemented in this way, a computer program
will not stop, except when the memory requirements exceed the available
capacity, resulting in a message like “stack overflow” or “out of memory.”
To prevent such disastrous results, solutions have been proposed including:

e interrupting a branch after a specified number of loops (Fritsche et
al. (1991));

e interrupting a branch when the last round has added less than a
specified amount (Fava et al. (1991), Boustead (1993));

e replacing process data by ‘corrected’ process data, in which feedback
loops have been accounted for (Hauslein & Hedemann (1995));

e use of infinite geometrical progression, in which an infinite sum is
treated with methods from mathematical analysis (Suh & Huppes
(2002)).

It will be clear that these are imperfect solutions, and that one must replace
the idea of a linear network by that of a network of interlinked processes
and move to a simultaneous solving of the equations in order to yield so-
lutions that are more precise and do better justice to the fact that the
economic reality indeed suggests a web of interlinked processes. It should
be noted, however, that the solution of simultaneous equations in practical
implementations is often based on iterative algorithms; see Section 10.2 for
a brief discussion. Furthermore, Section 4.3.2 discusses how the sequential
method with an infinite sum of ever-decreasing terms converges to the value
that is obtained by matrix inversion.

4.1.2 Petri nets

A number of times, and especially in connection to the Umberto software,
the use of Petri-nets is discussed as a way to approach the inventory problem
(see, e.g., Moller & Rolf (1995), Hiuslein & Hedemann (1995), Schmidt &
Haguslein (1997) and Melo (1999)). The theory of Petri-nets provides a set
of visual elements which can be used to define a system. The basic elements
are places, which represent conditions or states, transitions, which represent
events or activities, and arcs, which represent places with transitions or the
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other way around. From the few descriptions on the use of Petri-nets in
relation to the inventory problem, we get the impression that the main
advantage of Petri-nets is a strict set of rules for the visual representation
of flow diagrams, but that the mathematical rules are close or perhaps even
identical to the sequential case.

4.1.3 Linear programming

Linear programming has been mentioned in Section 3.2.5 as a possible way
to address the problem of multifunctionality. Azapagic & Clift (1994, 1999)
give it a wider use, namely in formulating and solving the inventory problem
itself. Their basic equation may be written as

g=Yf (4.1)

where Y is a matrix of so-called burden coefficients. This formulation then
is embedded in a context of multi-objective optimisation, e.g., to minimise
costs and environmental impacts. Useful as this may be, the question re-
mains how Y is measured or constructed. Recalling the results obtained so
far, the only possible conclusion is that Y is identical to the intensity matrix
A. Indeed, the work by Azapagic & Clift (1999) can be used to incorporate
life cycle assessment into a more general decision-theoretic framework, such
as multiobjective decision-support. But it is clear that the specification of
Y requires that a life cycle assessment be carried out prior to the inclu-
sion in the decision-theoretic framework. For this, the present text offers
explicit formulas when the connection Y = A is made.

Somewhat more involved is the ‘life cycle activity analysis’ approach
proposed by Freire et al. (2001), where the balance equations are integrated
in a linear programming framework.

4.1.4 Cramer’s rule

Heijungs (1992, 1994) formulates a matrix approach without the matrix
inverse. It is based on Cramer’s rule for solving a system of linear equations

As=f (4.2)
with A square and non-singular. Cramer’s rule provides a solution for s as

_ det(Ay(£))

Yk :sp = det(A) (4.3)
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where det(-) is the determinant of a matrix, and A (f) is matrix A with the
kth column replaced by f. The advantage of this formulation was the feeling
that a determinant is easier to compute than an inverse matrix, and that the
formulation in terms of determinants can be used in deriving perturbation-
theoretic concepts. In the last decade, the capacities of personal computers
have increased to an extent that matrix inversion of large matrices presents
no special problems. Furthermore, more research in this field has opened up
the area of perturbation theory for inverse matrices; see Chapter 6. These
developments have obviated the use of Cramer’s rule.

4.2 Expansion of the inverse as a power series

With the rise of input-output analysis (for more information, see Section
5.1), the inversion of large matrices became an aspect of concern. Whereas
the first input-output study was restricted to a 9 x 9-dimensional matrix,
the availability of data soon leaded to matrices with one hundred or more
rows and columns. As computers were at that time hardly available, it
is natural that computational shortcuts were developed to circumvent the
cumbersome operation of inverting such a matrix. One such shortcut is of
more than algorithmical interest, as it provides an interpretation in terms
of successive orders of dependency of the system of equations. Moreover,
it has been discussed within the context of LCA as well (Frischknecht &
Kolm, 1995; Schmidt, 1995).

It is well known that for any real- or complex-valued x with |z| < 1,
one may write

1 9 -
o =1ltz+a +---=2%x” (4.4)
=

Under the condition specified,

lim 2" =0 (4.5)
T—0o0
This means that a power series of a finite number of terms may be used to
approximate the quantity indicated.
There exists a powerful generalisation when the scalar x is replaced by
a matrix X, the reciprocal operation being replaced by an inversion:

o0
I-X)'=T+X+X*+... =) X" (4.6)
n=0
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where I is the unit matrix of an appropriate dimension. Its proof will be
reproduced from Chiang (1984, p. 120-121), because it is illustrative for
the conditions under which this equation is true. This proof is based on
the multiplication of I — X and the finite series I + X + X2 + ... 4+ X™:

( X)(I+X+X2+...+Xn):
I+X+X2 4+ 4+ X") - X(I+X+X2 4+ +X") =
(I+X+X2 -+X")—(X—|—X2+X3+...+Xn+1):
I-— Xn+1

(4.7)

Under the condition that X™! converges to 0 for sufficiently large n, this
expression reduces to

I-X)I+X+X*+--+X") =1 (4.8)
This means that, for sufficiently large n
I-X)'=I4+X+X%24+...+X" (4.9)

A sufficient condition for convergence is that the elements of X are non-
negative (i.e., X must be positive semi-definite), and that the elements in
each column add up to less than 1, which can alternatively be stated as
that the norm of X be less than 1, or that the spectral radius of X be less
than 1. See Waugh (1950), Atkinson (1989, p.491) or Miller & Blair (1995,
p.22 ff.) for a number of more formal proofs. For a normal input-output
transactions matrix, these requirements are fulfilled by the very nature of
the input-output table.

For the technology matrix in LCA, however, things are different. Frisch-
knecht & Kolm (1995) and Schmidt (1995) discuss the use of power series
for approximating the inverse of the technology matrix. They replace I -X
by A so that

A =I+(I-A)+IT-A*+- 4+ T-A)" (4.10)

They are fortunate in having an example system for which the approxi-
mation converges indeed. Had they chosen the simple system that plays a
central role in this book, they could not have applied the approximation.

The technology matrix is
-2 100
A= ( 100 ) (4.11)
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so that one has

3 —100
A () 12

This yields the power expansion that begins with

10 3 —100 1009 —400
(0 1>+<—10 1 )+<—40 1001)+ (413
7027 —101300 '
~10130 5001

It clearly diverges instead of converging to

0 01
A= ( 0.01 0.002 ) (4.14)

We conclude that, although the expansion as a power series may work in
certain cases, its use in LCA cannot be recommended as a general solution.
Fortunately, the capacity of computers has increased so rapidly that matrix
inversion nowadays is not likely to create computational problems in terms
of time and memory constraints, provided that efficient routines are used
(for this, see Section 10.2.1).

The applicability of the ideas presented in this section can be increased
when rescaling procedures of A are employed. This is discussed in Section
4.3.4.

4.3 Feedback loops in the technology matrix

Let us take up the very first example of the inventory problem. It was
characterised with a technology matrix

A= ( I(? 180 > (4.15)

and a final demand vector

£ ( 10000 > (4.16)

The balance equation were also presented in the form

{—2><31-|—1OO><32:O (4.17)

10 x 81 + 0 x s = 1000
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In this particular case, there was in fact not so much need to employ the
inverse of a matrix in solving the balance equations. The second equation
gave a straightforward solution for s;: 100. This could then be used to
compute a solution for s9: 2. We may interpret this as applying a sequential
method; see Section 4.1.1.

The sequential method is intuitively easy. A solution is found by scaling
the unit processes one by one. This, however, requires that the unit pro-
cesses can be arranged in an order which permits this step-by-step solution.
This is often not possible. In this section, we discuss more extensively the
situation that feedback loops are present in the system.

Let us change the technology matrix into

-2 100
a- (2 o) 19

That is, we assume that the production of electricity requires fuel and
that the production of fuel requires electricity. In other words, there is a
feedback loop in the system. We will now elaborate how the sequential
method treats a square technology matrix that represents a system with
feedback loops. In the next sections, results will be given in many digits in
order to demonstrate how successive steps in an algorithm add more and
more digits. For practical purposes, the number of digits shown suggests
too much precision.

4.3.1 Solution with matrix inversion

The occurrence of feedback loops is a physical interpretation of an otherwise
abstract mathematical description. The equation

As=f (4.19)

remains valid, irrespective of whether A is interpreted as describing a sys-
tem with feedback loops, and

s=A"lf (4.20)

remains a valid solution, as long as A is square and invertible. Hence, the
inverse matrix provides a straightforward solution. It is

(4.21)

Al 0.1020408 - - - 0.1020408 - - -
~\ 0.01020408 - - - 0.0020408 - - -
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so that the scaling factors are easily found as

_ 102.0408 - - -
s=A lf:( 5 0408 ... ) (4.22)

The fact that matrix-inversion-based solution of the inventory problem
deals with feedback loops in an exact and easy way is one major moti-
vation to develop matrix methods for LCA. It may be observed that many
of the programs listed in Siegenthaler et al. (1997) have difficulties in deal-
ing with systems containing feedback loops.

4.3.2 The network as an infinite sequence

With the technology matrix with a feedback loop, the system of equations
is changed accordingly into

{ —2x 8 +100 x s9 =0 (4.23)

10 x s1 + —10 X s9 = 1000

It is obvious that we cannot obtain a solution for s; as before. We can start
to propose s; = 2 as a way to create 1000 kWh of electricity. This then
leads to s3 = 2 to supply the necessary fuel. But this also means that 20
kWh of electricity is used internally for producing fuel, hence we need to
increase s; by another 2, in order to compensate for the electricity that is
used inside the system. This on its turn exerts an extra fuel demand which
leads to an increase of sy by 0.04. Then, this second round needs another
0.4 kWh of electricity, which leads to an increase of s; by 0.04. And so on,
and so on. In the end, we obtain

. ( 100 + 2 + 0.04 + 0.0008 + - - - ) _ < 102.0408 - - - ) (4.24)

2+ 0.04 4+ 0.0008 + - - - 2.0408- - -

This sequential solution to a system of essentially simultaneous equations
is tedious. It is slow, subject to errors, and there is no clear condition of
when to stop iterating. One can use a fixed number of rounds, say 10, or
use a criterion to stop further calculations when the relative change of the
scaling factors in the last round decreases below a fixed threshold, say 1076.

The approach presented here can be said to delineate a network with
recursive relationships as a linear sequence of infinite length. A process that
is recursively called appears again and again, with ever-decreasing scaling
factors. Asymptotically, it leads to the same solution as the exact approach
of Section 4.3.1.
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4.3.3 Algebraic manipulation of systems of equations

An alternative to the sequential approach is to algebraically manipulate
the system of equations as in the following sequence of steps:

—2x814+100x 89 =0« 2x 51 =100 X 89 < 51 = 50 X 89 (4.25)
which be inserted into the second equation
10x 50 X s3+—10 X s2 = 1000 < 490 x s2 = 1000 < so = 2.0408 - - - (4.26)
This can the be used to find the solution for si:
s1 = 50 x 2.0408 - - - = 102.0408 - - - (4.27)

It will be clear that this algebraic manipulation is useless in large systems
with 500 or 1000 equations.

4.3.4 The use of a power series expansion

In Section 4.2, the power series expansion of the inverse matrix was dis-
cussed as a computational shortcut that has become obsolete. It may serve
a quite different purpose, related to providing an understanding of the per-
petuating recurrence or processes in an infinitely large sequential system.
The inverse of the technology matrix cannot be subject to series expan-
sion, because the technology matrix does not meet the required conditions.
However, keeping in mind the meaning of the co-ordinates, we can rear-
range and manipulate A in a way such that the conditions are met and
power series expansion is possible. First, we may observe that columns of
the technology matrix may be interchanged, as long as we apply the same
permutation to the rows of the scaling vector and to the columns of the
intervention matrix. Next, we may notice that entire columns of the tech-
nology matrix may be multiplied with a constant, as long as we apply the
same multiplication to the intervention matrix and divide the correspond-
ing row of the scaling vector by this constant. We choose a rescaling such
that the diagonal elements of the technology matrix become one. Thus, we
end up with constructing a new technology matrix

wo( o) 439
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For the power series expansion, we note that

(88 (48 )

4.2
(1— A,)g _ 0 0.004 otc (4.29)
S\ 0.002 0 T
so that
! n2 n3 _ [ 1.02 0.204
I+ (I—A)+(I-A)2+ (I-A) _<0'102 20 (4.30)
When applied to the final demand vector, we find, up to 3rd order,
, _( 1.02 0.204 0 _( 204
5 < 0.102 1.02 1000 ) ~ \ 1020 (431)
which is consistent with the previously found
102.0408 - - -
5= ( 2.0404 - - - > (432)

provided that we take account of the interchanging of the rows of s’ and
the rescaling of one process by a factor of 10 and the other process by a
factor of 100.

A more general form is as follows: the technology matrix and its trans-
formed form are related by two operations: a permutation of columns and a
rescaling of those columns. The permutation can be achieved by right mul-
tiplication with a matrix K which is itself a permuted form of the identity

—2 100 0 1 100 —2
AK‘<10 —10)(1 0)‘(-10 1o> (433)

and the rescaling proceeds by right multiplication with a diagonal matrix L
with elements that are the reciprocal of the diagonal elements of the matrix
that is to be transformed:

aon=( 1050 ) (0 )= V) e

Thus one has
, ([ 1 —002)
A= ( —-0.1 1 o

~2 100 \ (0 1Y /001 0
AKL_(m —10)(1 0)( 0 0.1)

matrix:

(4.35)



110 Chapter 4

The system of equations solved with the transformed technology matrix is
A's' =f (4.36)

so that the untransformed scaling vector can be found by
s=A"f=A'A'Y = ATAKLs = KLs' (4.37)

We may also merge the permutation and rescaling matrices K and L into
one transformation matrix M. Then, transforming by

A'=AM (4.38)
leads to a solution which may be backtransformed by
s = Ms' (4.39)

Hence, if we manage to find a matrix M which transforms the technology
matrix into a matrix that fulfils the conditions discussed in Section 4.2, the
use of a power series expansion to solve the equations is permissible.

The permutation and rescaling of processes enables one to employ the
power series expansion after all, at least in the present case, and in most
if not all cases. For reasons of computational efficiency, this result is no
longer important with the advance of fast computers. But for reasons of
understanding the convergence of the sequential model, it is still useful. We
can express s in terms of a large number of contributions:

() (D) () ()

This clearly decomposes the scaling vector into a direct term plus several
indirect terms (cf. Boustead & Hancock’s (1979) discussion of “orders of
analysis”). It also shows that, in the present case, the indirect contributions
add slightly more than 2% to the direct term. In this way, one may use
the power series expansion as a means to investigate the error introduced
upon truncating an infinite sequence after a finite number of iterations.

4.4 Singularity of the technology matrix

In connection with the inversion of the technology matrix, it was remarked
in Section 2.4 that the technology matrix must be square and non-singular.
Several cases in which the squareness was violated have been discussed in
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Chapter 3, for instance in relation to cut-off, multifunctionality and ag-
gregated systems. It was shown that appropriate procedures for delivering
a square technology matrix could be employed. Only for closed-loop re-
cycling (Section 3.5) a rectangular matrix could be maintained, but even
there, it was possible to construct a square matrix with an arbitrary alloca-
tion method on the basis of partitioning. However, the second requirement
- non-singularity — was hardly discussed; only Section 3.5.4 provided one
brief remark in that direction.

It is not possible to provide a general proof that the technology matrix,
either the original one or the one that is constructed with procedures like
allocation and cut-off, is non-singular. In concrete cases, one may check
the determinant det(A): if it is 0 (or close to 0) the matrix is singular
(or nearly singular). Even though a general proof is not available, there
are good reasons to believe that a well-formed technology matrix is non-
singular. For this, one should note several things.

First, each economic flow comes in one brand only. This means that
there is only one process that produces a certain good or that treats a
certain waste. If there are two process that make the same good, the goods
are distinguished by origin (e.g., beer brand X and beer brand Y'), and a
mixing process may be defined (see Section 3.4.3).

Second, it is not realistic that one process will need 2 litre of fuel to
make 10 kWh of electricity, while another process will need to 5 kWh of
electricity to make 1 litre of fuel. This presents an unfeasible economy, and
a process which is so ineflicient will disappear from the economic system.
Still one must explicitly remove it from the technology matrix, as the matrix
( IOZ _15 > is singular.

This example shows that a process which is a multiple of a different
process (in this case, multiplied by —1/2) leads to a singular technology
matrix. More complex cases in which one process is a linear combination
of several other processes lead to the same problem of singularity. Columns
are then dependent, and the matrix is said to be rank-deficient. Again, it
is not likely that process from a feasible economy would form a singular
technology matrix. One important exception to this is related to Monte
Carlo simulations (see Section 6.4), where due to the stochastic nature of
the coefficients in the technology matrix, realisations may occur in which
the technology matrix is singular or close to singular.
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4.5 Allocation in economic models

The discussion on allocation in connection to multifunctionality (Section
3.2) is not restricted to LCA. In fact there is a large literature on economic
models in which these aspects show up as well. One problem is that these
aspects are sometimes somewhat hidden, a second problem is that other
terms then ‘allocation’ and ‘substitution’ are used, and that these terms are
defined with a different meaning. The purpose of the present section is to
explore in some detail how allocation enters these models. One additional
complication is that these models often — but not exclusively — are based on
the supply/use framework. It is therefore convenient to start by discussing
this framework. Occasionally, we will meet the input-output framework.
This is discussed in detail in Chapter 5.

4.5.1 The supply/use framework

The supply/use (or: make/use) framework strongly resembles the LCA
framework, not in the sense of the ISO-framework (Section 1.2), but in the
sense of the matrix structure, where rows denote flows and columns denote
processes. The main difference is that LCA’s technology matrix A is split
into two matrices: the supply matrix V and the use matrix U. The supply
matrix only contains data with respect to outputs, while the use matrix
concentrates on inputs. For certain reasons, rows of the supply matrix
denote processes, while rows of the use matrix denote economic flows, just
like LCA’s technology matrix. To clarify the connection with LCA, we will
therefore consistently use the transpose of V, vT.

In contrast to LCA, the inputs — the elements of the use matrix — are
indicated by positive coefficients. Both the supply and the use matrix are
positive semi-definite:

VT >0and U>0 (4.41)

The relation between the two frameworks is simple:
A=vi_-U (4.42)

Construction of A given V and U is trivial, and the only auxiliary informa-
tion needed to carry out the opposing way of constructing of V and U given
A is the fact that both matrices are positive semi-definite by definition.
Of interest is furthermore that activity analysis (Koopmans, 1951) is
a field in economic analysis where the technology matrix is encountered
(and even under that name, p.37) as a possibly rectangular matrix with
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similar features as in LCA. The main difference with LCA is that there is
no ‘one brand axiom,” and that the existence of more than one brand of
many products creates a choice of suppliers. Additional constraints in the
form of cost minimisation then lead to a linear-programming problem.

In the example system, given as

-2 100
A-—< 10 0 ) (4.43)
we find
(20 T 0 100
U-—(O 0>andV —(10 0 > (4.44)

As far as we know, the theory of supply/use analysis possesses no axiom
that flows should come in one brand only. Hence, it is quite natural that the
technology matrix (3.23), that was later onwards modified into (3.108), can
occur in such an analysis. This then happens in the context of collecting
economy-wide process data, not in an allocation step. Thus, the matrices

2 05 0 100 0
U=(000)andVi=[10 0 o0 (4.45)
00 0 18 0 90

are in no sense suspicious. Note, however, that an LCA-perspective will
deem the supply matrix as suspicious, because it is multifunctional, and it
has one flow that comes in two brands.

Let us study what happens if we subject this system to the question of
delivering an external demand

f=| 1000 (4.46)

representing 1000 kWh of electricity. This involves scaling factors s, such
that
(VT - U) s=f (4.47)

This can be solved for s by means of

s = (VT - U>_1 £ (4.48)
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Indeed, as V and U are square and VT — U is non-singular, inversion is
possible and yields

) 0 0.1 0
(VT - U) = | 0.01 0.001 0.000556 (4.49)
0 -0.02 0.0111
so that
100
s = 1 (4.50)
-20

There are two noteworthy aspects of this solution:

e the solution shows that one process has a negative scaling factor, i.e.
one process generates a negative output;

e the balance equation can be solved, apparently without an allocation
step, even though the system contains a multifunctional process.

These two issues will be discussed briefly.

4.5.2 Negative scaling factors: the Hawkins-Simon condi-
tion

In the context of economic models, systems such as the above one have
spawned extensive discussion. This seems to have started with the observa-
tion by Hawkins & Simon (1949) that a production system is “economically
meaningful” (p.246) when their ‘scaling factors’ are all positive. Duchin &
Szyld (1985, p.270) discuss the issue of negative scaling factors in a paper
in which they present a “model with assured positive output.” The inter-
ested reader is referred to Ten Raa et al. (1984) and the sequel by Ten
Raa (1988) for an illustration of the problems involved in interpreting and
discarding the negative numbers.

In the context of LCA, it is important to remember that the prod-
uct system considered does not represent an economy-wide production sys-
tem, but only that tiny part of an economy-wide production system that
is connected with the functional unit, which is usually formulated in quite
marginal terms. Therefore, the existence of negative scaling factors in the
product system does not imply that certain processes are on the macro-
level generating negative output, but only implies that these processes are
producing slightly less than they would do when the product system is
removed. To be more precise, one could think of a production system,
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characterised by a technology matrix A, a final demand vector f, and a
scaling vector sg, connected by

ASO = fo (4.51)

In the change-oriented mode of LCA (Guinée et al, 2002), LCA can be
interpreted as asking the question of the changes due to a small change in
final demand f on top of the existing demand fy. This then leads to

A (sp+s)=(fp + 1) (4.52)
which on its turn implies the well-known
As="f (4.53)

As long as the changes are small, we will have |s;| < |so;|, and the economy-
wide scaling factors are still positive and meaningful. In short, product
systems may have negative scaling factors, but production systems may
not.

4.5.3 The technology assumptions

The second issue concerns the possibility to solve balance equations for a
production system with multifunctional processes, without an allocation
step. It is true that no recognisably allocation step has been made in
solving the system depicted above. But one should observe the fact that in
the case of LCA with substitution-based allocation (3.2.2) the unallocated
technology matrix was to be written (see (3.108)) as

-2 100 -5
10 0 0

A=l 1% o o (4.54)
0 0 90

which is not a solvable system. The allocation step consisted in an explicit
declaration of the equivalence between the third and the fourth flow, in this
case MJ of heat from facility X and MJ of heat from facility Y. After this
step, the matrix

—2 100 -5
A=|10 0 0 (4.55)
18 0 90

resulted, a square and invertible matrix. The conclusion is that the system
defined by (4.45) is obscured by the fact that the equivalence between
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heat from facility X and heat from facility Y has been built-in from the
beginning. Denial of the ‘no two brands’ axiom thus means that hidden or
implicit substitution-based allocation steps are made.

Of course, it also frequently happens that two brands are distinguished
in a supply/use table. The system defined by

2 05 0 100 O
{ooo + [ 10 0 o

U= 00 0 and V' = 8 0 0 (4.56)
0 0O 0 0 90

might also occur. In fact, the distinction of brands and multifunctionality is
known to lead to rectangularity, and allocation-like procedures have been
discussed at length in the theory of supply/use analysis (Konijn, 1994).
Main schools are the following:

e the process-technology (or: industry-technology) model, in which ev-
ery process is regarded as representing a unique technology to convert
a bundle of inputs into a bundle of outputs;

e the commodity-technology model, in which every commodity (or:
product) is assumed to be produced in a specific way, irrespective
of the process where it is produced;

e the by-product technology model, in which a process’s primary prod-
uct is assumed to be produced in that particular way, and a process’s
non-primary product is assumed to be produced in the way according
to the process that produces that product as its primary product.

The process-technology model does not solve the problem of rectangular-
ity, unless a partitioning-like step is added. In many cases, this is done
implicitly on an economic basis: outputs of co-products are all in monetary
terms, so the inputs are distributed on the basis of the share in proceeds to
the outputs. The commodity-technology model is clearly equivalent to the
substitution method. The by-product technology model is a more sophis-
ticated version of the commodity-technology model, along the lines that
Weidema (2001) introduced in LCA.
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Relation with input-output
analysis™

There is an interesting analogy between the technology matrix and the
inventory problem on the one hand and an analytical tool for investigating
industrial dependencies on the other hand. This latter type of analysis
is called input-output analysis, or sometimes inter-industry analysis, and
it has been introduced by Wassily Leontief around 1930. This chapter
discusses the basic principles of input-output analysis (IOA) as originally
introduced by Leontief, with an emphasis on its environmental extensions,
and proceeds to discuss to important applications of IOA in relation to
LCA: replacement of LCA by IOA, and combination of LCA and TOA.
This chapter does not provide a comprehensive treatment of IOA; for this,
the reader is referred to texts like Miller & Blair (1985) and Duchin &
Steenge (1999).

5.1 Basics of input-output analysis and its envi-
ronmental extension

In its original form, input-output analysis starts with a concept that is
closely related to the technology matrix: the transactions matrix. This is
a matrix of which a column represents the inputs of a process (or industry,
or sector; although these terms occur frequently in the literature on I0A,
we have here chosen to use the term process, to make the analogy with
LCA as close as possible). But unlike the technology matrix, where the in-
puts of a process are formulated in terms of the flows of products (like fuel
and electricity), the transactions matrix records the inputs in terms of the
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other processes’ outputs (like fuel production and electricity production).
Another difference is that the technology matrix contains a process’ inputs
and outputs, distinguished by the sign, while the transactions matrix con-
tains a process’ inputs only; minus signs are not needed. The outputs of a
process is by definition one single type of output, not steel or electricity but
a plain process’ output. It is not written as a matrix element in the column
that represents that process, but it can be figured out by aggregating all
processes’ inputs of that process’ output. A final element to notice is that
IOA has been developed to analyse the structure of the economy, with an
emphasis on the flows of money. The coefficients of the transactions matrix
thus measure the inputs of the steel-producing process in terms of euro,
dollar or yen, not in physical units like kg, kWh or km. Occasionally, one
sees approaches in which the transactions matrix is measured in physical
terms.
Let us for instance consider the transaction matrix

2-(2 1) o1

in a linear space where the first row and the first column denote the process
of production of fuel and the second row and the second column the process
of production of electricity. The meaning of element z15 is that the second
process needs 10 euro of the first process’ output. It also needs 2 euro of its
own output (z22). In contrast to the technology matrix, the transactions
matrix Z is square by definition, as the rows and the columns refer to
processes (sectors, industries).

To the transaction matrix Z that indicates the inter-industry demands,
we may append the demand by households as a vector y. In the example
below, the households exert a demand of 8 euro of the first process’ output
and 4 euro of the second process’ output:

(z]y)z(il20}i> (5.2)

Thus, the first process’ total output is 2+ 104+ 8 = 20 euro, and the second
process’ total output 442 +4 = 10 euro. It is convenient to define a vector
x to indicate the total output:

czivix)=(5 )50 53

A next step in input-output analysis is the analysis of the economy-wide
consequences of changes in household demand. For instance, what happens
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when the demand of 8 euro of the first process’ output is increased to 28
euro? This means that the first process’ output is increased from 20 to
40 euro. Under the assumption of linear scaling, its input of the second
process’ output is then doubled from 4 to 8 euro. This on its turn implies
an increased production volume of the second process, with a subsequent
increase of this process’ input of electricity. And so on.

It is convenient to define a matrix of technical coefficients Z by express-
ing each process’ inputs as a fraction of its output

= (2/20 10/10 \ (01 1
Z= ( 4/20 2/10 > N ( 0.2 0.2 ) (5-4)
or more generally

Z = 7 (diag(x)) ™" (5.5)

where diag(x) is the matrix that consists of the elements of x at the diago-
nal and zeros at all off-diagonal places. The question is then to express the
processes’ new total output vector x’ as a function of the new households
demand vector y’. The expression is

x = (1 - Z)_l y' (5.6)

where I is the identity matrix of the same size as Z. Here it is a 2 x 2-matrix:

1:(3 ?) (5.7)

Notice that we must distinguish here between the total output and house-
holds demand vectors x and y in the existing situation, and the same
vectors x’ and y’ in a new situation. This allows us to calculate the effects
of a change Ay =y’ —y on Ax = x' — x:

Ax = (1 . Z) Ay (5.8)

Without loss of generality, we may take the starting point as a reference
situation, thus putting x = 0, so that y’ coincides with Ay. Inserting the
unprimed symbols then yields the most usual form:

x=(1- Z)_l y (5.9)

where the reinterpretation of y as the households demand vector and x as
the total output vector can be made.
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-\ —1
The term (I — Z) is known as the Leontief inverse. In the example,

it is
~\—1 1.54 1.92
(I a Z) N ( 0.38 1.73 ) (5.10)
For a households demand
28
y= ( 4 ) (5.11)
one then finds
50.78
x= ( 17.69 ) (5.12)

for the processes’ total output vector. Because Z is square, the expression
I-Z represents a square matrix as well. Although it may still be singu-
lar in exceptional cases, there is no allocation step needed to transform a
rectangular matrix into a square one as in LCA.

In LCA, the final demand vector normally consists of zeros at all but one
place. Suppose that we in IOA make the special choice of zero households
demand for all processes but one, and for that process a demand of 1 euro.
Using this for y, the resulting vector x measures the output of all processes
as a result of 1 euro demand from one particular process. The elements of
x are known as the Leontief multipliers.

Although primarily designed as a tool for the analysis of economic de-
pendencies, IOA can serve environmental analyses as well when it is ex-
tended with so-called satellite accounts for the environmental flows. Below
the transactions matrix, additional rows to account for carbon dioxide,
sulphur dioxide, crude oil, etc. are added. The satellite matrix B is struc-
turally identical to the intervention matrix B of the inventory analysis.
Environmental interventions associated with a certain households demand
vector y are then

g=1§<1—2>_1y (5.13)

Some care should be taken in directly comparing g from LCA with from
IOA, as well as using B from LCA as B in IOA or the other way around, as
there may be differences in the ordering or level of aggregation. Moreover,
B is defined per euro of process output, while B is, like A, defined with
respect to an arbitrary reference unit, such as 100,000 kg of steel or 1000
TV sets.
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5.2 Comparison of LCA and IOA

The Leontief inverse plays a role that is comparable to the inverse of the
technology matrix; see Table 5.1 for an overview of analogous concepts.

Table 5.1: Overview of analogous concepts in life cycle inventory analysis
and input-output analysis.

life cycle inventory analysis LCA input-output analysis 10A
product, economic flow commodity
(unit) process industry, sector, establish-

ment

transactions matrix Z
technology matrix A technical coefficients matrix Z
final demand vector f households demand vector y
scaling vector s total output vector X

_\ —1
inverse of technology matrix ~A~! Leontief inverse (I — Z)
intervention matrix B satellite matrix B
_\ 1

equation for s s=A"If equation for x X = (I - Z) y
equation for g g =Bs equation for g g =Bx

Despite the similarities between LCA and IOA, there are some subtle
differences. These ultimately relate to the difference in set-up of the matri-
ces. The transactions matrix Z of IOA is of the type processXprocess (the
most common terms for this are industryxindustry and sectorxsector).
This means that the labels of rows and columns refer to processes (or in-
dustries, or sectors). The technology matrix A of LCA is of the type
commodity X process, so that the labels of rows refer to commodities (or
products, or economic flows) while the labels headers of columns refer to
process (or industries, or sectors). Some important consequences are the
following;:

e The transactions matrix of IOA specifies the flow from one process
to another process, without paying regard to the product that ac-
tually flows between these two processes. In LCA, the technology
matrix specifies the flow of products to and from a process, without
an explicit specification of the origin or destination of such flows.

e As we have seen in Section 3.2, an important problem in LCA is the
fact that the technology matrix is often not square, so that matrix in-
version cannot be applied, at least not directly. Allocation procedures
must then be employed. The transactions matrix of IOA is always
square, and the Leontief inverse can almost always be calculated.
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e The diagonal of a transactions matrix has a special meaning: it repre-
sents the inputs of an industry to itself. An example could be electric
power plants that use a part of their own electricity, for instance
for pumping fuel into the combustors, and agriculture, where corn
produced is partly used to feed cattle. In LCA the diagonal has no
particular meaning. In fact, it is often not tractable, because the
technology matrix is rectangular. Moreover, changing the ordering
of industries in IOA has no influence on the interpretation of the di-
agonal as self-inputs as long as the order of the rows and columns
is the same. In LCA, the order of processes and products may be
changed independently, so that any suggestion of a special diagonal
(as in Frischknecht & Kolm (1995)) is spurious. As a side remark, it
may be noted that the interpretation of diagonal elements in TOA in
terms of self-inputs is questionable as well; see Waugh (1950), who
writes that the transactions matrix is a “hollow” matrix, 7.e. with
zero diagonal, Edey & Peacock (1959) who write down a “—” in the
diagonal entries, and Georgescu-Roegen (1971, p.256 ff.) who devotes
an entire discussion to the subject.

e The coefficients of a technical coefficients matrix have a limited range
of ‘intelligible’ values: they lie between 0 and 1, and the sum over
one column does not exceed 1. For technical coeflicients matrices in
physical units and for LCA’s technology matrix, these restrictions do
not hold or are weaker. However, as the majority of texts on IOA
deal with monetary units, certain properties and theorems (see, e.g.,
Section 4.2) cannot be applied to IOA in physical terms and LCA.

e The conventional degree of specificity differs to quite some extent
between LCA and IOA. In IOA, the entire economy is categorised
into a few hundred industries, covering many different processes, with
typical names as “metal ores mining.” In LCA, a much finer cate-
gorisation is attempted; distinguishing mining of copper ore, iron ore,
bauxite, etc.

One can say that IOA on the basis of an processxprocess table con-
tains no information on commodities. This is often not entirely clear from
texts dealing with IOA. Thus, one often sees expressions like “the industry
plastics materials,” where the label “the industry plastics materials pro-
duction” would be more appropriate. Moreover, one should recognise that
the households demand vector is not a demand of commodities (products),
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but a demand for industry’s output. Demand is specified as “2 euro of
plastics materials output,” not as “2 euro of plastics materials.”

As said, the exposition of IOA and the comparison with LCA are based
on the original formulation of TOA. Original means here: on the basis
of a processxprocess (or industry xindustry) matrix. In the course of time
modifications to this original scheme have been proposed, for instance lead-
ing to IOA on the basis of a commodity x process (or commodity xindustry)
matrix. For the purpose of the present book, we have chosen to cate-
gorise such formats as LCA, supply/use framework, or activity analysis
(see Konijn (1994)). Here, the typical feature of IOA is regarded to be its
process x process structure, leading to a square matrix by definition and the
characteristic Leontief inverse with the I — Z.

5.3 IOA instead of LCA

A number of authors (e.g., Lave et al. (1995), Hendrickson et al. (1998),
Joshi (2000)) criticise LCA for being incomplete and approach the problem
of finding environmental interventions associated with a certain external
demand by switching to IOA. An important problem of traditional LCA is
that process data must be collected for a very large number of processes,
and that cut-offs (see Section 3.1) are needed at many places. Several
decades of institutionalised compilation of IO-tables have resulted in a fairly
complete and accurate picture of inter-industry flows. Thus, attempts have
been made to replace the technology matrix by the input-output matrix.
The approach is known as “economic input-output life-cycle analysis” or
EIO-LCA in short.

Instead of the process-specific environmental coefficients, national emis-
sion tables like the US Toxics Release Inventory are coupled to the I10O-

matrix. Thus
g=BA'f (5.14)

is replaced by .
g:B(I—Z) y (5.15)

Lenzen (2001) compares “conventional and input-output-based life-cycle
inventories” and concludes that errors due to cut-off may be larger than
the errors introduced by using IOA. Lave et al. (1995) show that indirect
discharges by computer production exceed direct discharges by a factor of
26. On the other hand, several authors mentioned discuss limitations (see,
e.g., Nielsen & Pedersen Weidema (2001)). These include:
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e the input-output tables themselves do not cover the entire life cycle;
most prominently consumption processes and waste treatment are
excluded;

e national IO-tables have separate entries for import and export, and
hence tend to exclude interventions from production abroad;

e the industry classification of IO-tables is quite coarse, so that aggre-
gation errors will be introduced.

In addition to the latter fact, we would like to point out that LCA is
very often used to compare fairly similar products, such as bottles from
polyethylene and bottles from polycarbonate, or in product design situ-
ations, where a designer wants to know the effects of changing materials.
When these two materials are lumped together in one classification as “plas-
tic materials,” the range of applications of LCA is seriously restricted. The
crucial connecting element is that we must translate a reference flow in the
final demand vector f into a households demand vector y. Whenever this
is not possible, EIO-LCA is doomed to give up.

Several authors in the field of energy analysis discuss the use of input-
output analysis, sometimes as opposed to the type of analysis that tra-
ditionally shows up in LCA, which is then called “process analysis” or
“vertical analysis.” Boustead & Hancock (1979) and IFIAS (1974) are stan-
dard references in this respect. Miller & Blair (1985) also discuss “energy
input-output analysis” and “environmental input-output analysis.” And
pathbreaking studies on the relation between economic chains and the en-
vironment, such as Ayres & Kneese (1969) and Leontief (1970) are based on
(processx process) IOA as well, as are newer applications, such as Perrings
(1987). An exception that should be mentioned here is Victor (1972), who
bases an economy-wide study on the commodity xprocess structure.

5.4 Hybrid analysis

As discussed above, LCA yields quite specific data but suffers from provid-
ing an incomplete picture. IOA, in contrast, yields a fairly complete system,
but is in certain respects overly aggregated and hence unspecific. The re-
sult is for both approaches an increase of uncertainty. This observation
leaded various efforts to combine the strengths of both, which are generally
called hybrid analysis. In general, the IOA-based part in a tiered hybrid
analysis provides relatively complete far upstream system boundaries while



Relation with input-output analysis 125

the LCA-based part provides a much more specific near upstream system
and the downstream boundaries (see Marheineke et al. (1998)).

For the purpose of analysis, we discuss in the next two sections two
different approaches here under the names tiered hybrid analysis and in-
ternally solved hybrid analysis. The reader should acknowledge, however,
that the connection of LCA and TIOA in a hybrid analysis is a topic to which
current much research is devoted. For a more comprehensive presentation,
see Suh & Huppes (2002).

5.4.1 Tiered hybrid analysis

The concept of hybrid analysis appears from the 1970s in energy analysis.
Bullard et al. (1978), Van Engelenburg et al. (1994) and Treloar (1997)
combined process analysis based on flow charts with IOA to calculate net
energy requirements of a product or an entire economy. The computational
structure of tiered hybrid analysis can be formulated from the following
phrases (Bullard et al., 1978, p.281-282): “Some of the input materials
may be typical products of I-O sectors ... Thus the only input materials
requiring further process analysis are atypical products not easily classified
in an I-O sector.” It is remarkable that, like in LCA, process analysis
is not described in mathematical terms while input-output analysis is. A
mathematical interpretation would be as follows:

- N =1
g =810A +81.cA =B <I—Z) y+BA_1f (5.16)

Thus, y determines the IOA-based part of the hybrid analysis, while f
determines the LCA-based part. There is no interaction between y and
f, nor between Z and A; this accounts for the qualification ‘tiered.” It is
up to the user to specify the separation between the IOA-based and the
LCA-based demand in an appropriate way. Note that we may symbolically
unify the two tiers as

g=(B B)<1622>‘1<¥> (5.17)

so that the general form employed in this book may be maintained (Suh &
Huppes, 2001).

This presents just one approach towards partitioning the final demand
into a commodity part, generated with an LLCA-system, and a process part,
generated with an IOA-system. There are two radically different choices
possible for this partitioning. In LCA, we have seen the following choices
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(notice that the first one is inspired by the above mentioned energy analy-
sis):

e Processes are in principle modeled in the IOA-part, but processes not
covered by the input-output table, mainly consumption and waste
treatment, are modeled in the LCA-part (Moriguchi et al. (1993),
Hondo et al. (1996), Joshi (2000)).

e Processes around the production and consumption stage are modeled
in the LCA-part (as “foreground” processes), and processes further
upstream and downstream in the IOA-part (as “background” pro-
cesses). This approach is taken by Suh & Huppes (2002) and Guinée
et al. (2002), and forms the idea behind the MIET software.

It is interesting that these two strategies point towards several defects of
using IOA for replacing LCA altogether:

e IO-tables in general do not comprise activities related to consumption
and waste treatment;

o IO-tables are not very detailed with respect to specific modes of pro-
duction;

e A national IO-table does not provide a complete upstream system
boundary if the national economy is severely dependent upon im-
ported goods.

We see that IOA may be supplemented by LCA, or that LCA may be
supplemented by IOA. As a natural choice for this book, we will concentrate
on the latter form. Hence, it is logical to rewrite (5.17) as follows:

=8 8)(5 %) (3) o

We will elaborate this form below and in the next section.

The term ‘tiered’ is often understood to mean another thing as well,
namely the case of an LCA-based core with IOA-based peripherals (or the
other way around). This requires, however, that the vector y is 0 with
regard to final demand, but not with respect to internal delivery to the
LCA-based part, for which f is the final demand vector. In other words, f
determines s, and this in turn determines x. To formalise such a procedure,
we will develop a simple example.
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Consider the technology matrix below where the last two rows refer to
the use of generators (in euro) and the use of refineries (in euro):

-2 100
10 0

A= 01 0 (5.19)
0 -1

That is, for producing 10 kWh of electricity, one needs 2 litre of fuel and
0.1 euro of generators, for instance in the form of depreciation. Assume
that an IO-table is known for these two sectors:

- (01 05
2= < 02 0.2 ) (5.20)

indicating the economic dependency of the generator-producing industry
and refineries.

One partitions the technology matrix into a part that is dealt with in
the traditional LCA-way, A’, and a part that is dealt with by IOA, A"":

—2 100
A’ 10 0

A= <T> S (5.21)
0 —1

A similar partitioning of the final demand vector takes place:

f/ 1000
SEANEL 22

It is clear that the LCA-part of the final demand vector f' = ( 0 1000 )T
leads to scaling factors

s=(A)7f = ( Ig 180 )ﬁl ( 10000 ) - ( 1(2)0 ) (5.23)

The scaling factors also apply to the IOA-part given by A”:

wam (01O (W) () ey
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This latter vector f” can be interpreted as the LCA-parts requirement to
the TOA-part of the system. Adhering to the balancing principle, the IOA-
part must satisfy it. Hence, the IOA-part must deliver —f” in the form of
a households demand vector y; notice that we are allowed to establish the
identity

y =—f" (5.25)

by virtue of the fact that f” is formulated in monetary terms, and can thus
be interpreted as a process output instead of the commodity itself.
Now we find the subsequent IOA-problem:

-1
~\ 1 09 -0.5 10 14.5
O"Z) y_(—ﬂ2 08:) <2:>‘<(n )”X (5:26)
so that the total output vector x is found. _
When the intervention matrices B and B are available for the LCA and

IOA system respectively, and assuming that the ordering of the rows of
these two matrices is identical, we have

gLca = Bs (5.27)
and
~ ~ ~\ —1
gwAZBXZ—B@—Z) A's (5.28)
which yield together
n AN N1 s
g=groa+goa=(B-B(1-2) A”)(a)7'f (5.29)

This form can also be expressed in a form like (5.18):
- (A 0 \'/f
g=(B B)(A”I_Z) (0) (5.30)

5.4.2 Internally solved hybrid analysis

Recently another hybrid approach has been developed, which is called LCA
based hybrid analysis (Suh & Huppes, 2000), but which we will here con-
trast with the tiered hybrid analysis by naming it the internally solved hy-
brid analysis. In this approach the technology matrix of a product system



Relation with input-output analysis 129

in LCA is fully interlinked with technical coefficients matrix of an economy
in IOA. The form is

g=(B B)(i,l, I‘imz)_l(g) (5.31)

where once more A” represents the dependence of the LCA-system on the
IOA-system, but now there is a dependence of the IOA-system on the LCA-
system as well, embodied by A”’. Interestingly, we may still pursue to use
the expansion of the inverse of a partitioned matrix (see the Appendix,
Section A.5) and express the above as the sum of a pure LCA-based part
and an additional part due to the two-sided interaction with the IOA-
system. It should be noticed, however, that the additional part contains
terms that depend on A’, so that the LCA- and IOA-parts are not truly
separable.
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Perturbation theory

There is an extensive theoretical literature on the influence of perturbation
of coefficients of matrices on solutions of systems of equations; see for in-
stance Atkinson (1989) and in particular Stewart & Sun (1990). This theory
can be used for a number of interesting subjects in LCA. First, the coeffi-
cients that describe the unit processes and define the technology matrix and
the intervention matrix often suffer from uncertainty. A statistical treat-
ment of the propagation of these uncertainties into uncertainties of scaling
factors or environmental interventions is obviously important. The issue of
uncertainties in LCA has been addressed by many authors. Here, we will
restrict the discussion to generally applicable treatments, such as Heijungs
(1994, 1996), Huijbregts (1998), Ros (1998) and Ciroth (2001), but the text
presents many insights that have not been discussed within LCA before.
Second, approaches have been developed under the name of marginal anal-
ysis or perturbation analysis (Heijungs, 1994) to investigate options for
product improvement by means of perturbation-theoretic considerations.
Finally, the influence of round-off in data and limited computer accuracy
can also be addressed with perturbation-theoretic concepts. As far as we
know, this issue has not been addressed before within the LCA-literature.

It should be mentioned that perturbation theory has been discussed in
relation to input-output analysis (see also Section 5.1). For instance, Sebald
(1974) and Van Dijk & Sladky (1995) provide interesting treatments. The
direct applicability of such approaches is limited, however, because the
matrices encountered in input-output analysis have characteristics that are
not shared by the matrices that are used in LCA. For instance, matrices for
input-output analysis are in most cases positive definite, and have column
sums that are bounded below 1. These properties are employed in the
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mathematical proofs, but cannot be assumed for LCA. Therefore, these
texts can only serve a role as suggesting approaches, but their factual results
cannot be used directly. As a consequence, the theoretical level of this
chapter is higher than that of the other chapters. Besides Heijungs (1994),
the only place in which perturbation theory is discussed in relation to LCA
and of which we are aware is a short contribution by Halada et al. (1998).

6.1 Some general results

Perturbation theory studies the influence of perturbations of coefficients
of equations on the solutions to those equations. As a concrete example,

consider the old example
As=f (6.1)

A= ( I02 180 ) (6.2)
f= ( 10000 ) (6:3)

s = ( o ) (6.4)

A typical question addressed in perturbation theory is as follows: given the
above system, what would the solution be of the perturbed system with

x=(5 %) 9

Obviously, one could use matrix inversion on the perturbed technology
matrix to find the new solution. But it is in some respects more interesting
to study how the perturbation propagates in the system, and to express the
new solution in terms of the old one. For this, we will consider the perturbed
matrix to consist of the original matrix plus a perturbation term:

with
and

which is known to lead to

A=A +5A (6.6)

SA = ( _01 8 ) (6.7)

with in this case
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and try to derive expression for ds, defined by
s’ =s+ds (6.8)

These expressions will then be in terms of the original system and the
perturbation term JA. We will specifically address three forms of pertur-
bations:

e those in which the perturbation is arbitrarily large or small, so that
exact expressions must be employed;

e those in which the perturbation is small, so that differential calculus
may be applied as a first order approximation;

e those in which the perturbation is stochastic, so that probability the-
ory may be applied.

We will first develop exact expressions, which will later onwards be subject
to simplifications for the special cases of small and random perturbations.

6.1.1 Perturbation of the technology matrix

Let us start from a square invertible technology matrix A. Now assume
that a change is introduced in this technology matrix. We will indicate
the perturbation introduced by the matrix JA. Thus, we will study the
technology matrix A +JA. We will study what the effects of such a change
are on the scaling vector s. The change in scaling factors will be denoted
as 0s. We will assume that the final demand vector f remains unchanged.
Thus, starting from

As=f (6.9)

we will study
(A+6A)(s+ds)=1 (6.10)

and in particular derive expressions for ds. We proceed by expanding the
terms in parentheses:

As+ Abés+ 6As +0Ads =f (6.11)
By virtue of As = f, this reduces to
Aés+IAs +IAés =0 (6.12)
This can be rearranged into

(A + 6A)ds = —6As (6.13)
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or, assuming that A + §A is invertible, into
5s = — (A +0A) ' 5As (6.14)
Because s = A™!f, we finally obtain
os = — (A +5A) ' SAATE (6.15)

This is an important relationship. It enables us to explore the study of
perturbation theory and statistical analysis of the inventory analysis.
Under the assumption that A is infinitesimally small, we may approx-
imate A + JA by A and write
Os 1 0A

= —A"

A 1
8a,-j Baij (6 6)

This is in agreement with the differentiation rule for inverse matrices (see,
e.g., Harville (1997) and Balestra (1976)):

9(A7) _ ,i0A

Al 1
8aij Baij (6 7)

which can be easily connected to the previous formula through

0s _O(AT), ,a0f _9(AT)

= = f 6.18
8aij (9(12']' 8(11]' 8(12']' ( )
Individual coefficients of the vector 5 S depend on individual elements of
az-j
o(A!
——(———)—. These are
(90,1']'
a(A—l) n -1 -1
801‘]’ = (A )mz (A )jn (619)
This then yields
Osy, 4 (Aﬁl)kz ~1 -1
= = — (A . 6.20
8@2] Z 8(%] fl zl: ( )kz ( )]l fl ( )
so that 5
Sk —
=—(A™Y),, s (6.21)
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0
for the coefficients of the vector 3 S It may be noted that Harville (1997,

a;

p.511) also gives a differentiation rjule for the pseudoinverse, which is an
extended form of that for the normal inverse. However, as we will almost
invariably be able to employ the normal inverse, the discussion will here be
restricted to the simpler form. It may also be noted that Heijungs (1994)
gives a derivation on the basis of Cramer’s rule (see Section 4.1.4) that
leads to equivalent results.

Knowledge of these derivatives opens the way to explore sensitivity and
uncertainty analyses. It may be appropriate to investigate the properties

* for all values of i and j. We can arrange these in a

of the derivatives
aaij

0
matrix that we indicate by 8—(:, and which is defined as

aSk 88k
Dy Oai1  Oaiz
R Os Os
5A k koo (6.22)

8&21 8&22

We can also extend this form from the scaling vector s to the inventory
vector g. Because

g =Bs (6.23)
the derivatives are given by
og OB Os Os
= B =B 6.24
6aij 8aij s+ 8a,-j aaij ( )
which, by inserting the previously obtained expression for gives
Qij
Ogr _ _ > b (AT, s (6.25)
Oai; B . LA '
l
which can written as
A9k _
== = — (BA™),, 5 = —Miis; (6.26)

8&1']'
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. . .0
Again, it may be convenient to define a matrix 99k s

O0A
09 99
5gk _ %(111 %am
DA 9k 9k (6.27)

Oaz1  Oagy
Possible uses of this expression are discussed in Section 8.2.3.

6.1.2 Perturbation of the intervention matrix

The previous section dealt with perturbations of the technology matrix A.
We may also perturb the intervention matrix B. The derivatives are needed
in

Jg 0B ds 0B
Dby~ 9> Pay by (6.28)

This then yields

@ N { 0 otherwise (6.29)
Once more, we write this as a matrix %:
0B
ng (9gk
abll 8()12
% =| 99 Y9 (6.30)

Oby1  Obag
Again, Section 8.2.3 discusses the use of these expressions.

6.1.3 Perturbation of the final demand vector

We may finally start by perturbing the final demand vector f instead of the
technology matrix A or the intervention matrix B, so that

A(s+4s) = f + of (6.31)

Obviously
s+ 6s = A7l (f + 6f) (6.32)

hence
os = A1 (f 4 6f) —s = A716f (6.33)
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In the limit of infinitesimally small 6f this reduces to

os  _,0f
or
ask _
aﬁ:Mﬁm (6.35)
In addition 5 o8
g -1
=BA7 —r .
o, oF; (6.36)
or
o
3F, = Aki (6.37)

These expressions are not of much interest from both a theoretical and a
practical aspect. The reason is that the reference flow ¢ and hence the final
demand vector f are often set at a fixed and in fact arbitrary value, such as
1000 kWh of electricity or 100 km of car-driving; there are no uncertainties
in the numerical specification. However, these forms are appropriate to in-
troduce an important concept in matrix perturbation theory: the condition

number. Because
6s = A™Lof (6.38)

the inequality for multiplications of norms yields
las]| < [|A7Y| ot (6.39)

We also have
£ < [lA[ sl (6.40)

These two equations can be combined to give

[19s]] —1y J1of]]

— < A |AT || =+ (6.41)

s T
The factor ||Al| ||A~!|| thus provides an upper bound of the magnification
factor that measures how a relative change in f propagates as a relative
change in s. This factor is known as the condition number of the matrix
A, and the symbol k(A) is used to denote it:

w(A) = Al A7 (6.42)

Note that the condition number has several important characteristics:
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e it gives an upper bound for the magnification factor;

e it is defined as the product of two matrix norms, which are themselves
defined with the use of a maximum vector norm;

e it is defined as the property of a matrix, and does not consider the
right-hand side (here: f) of the system of equations (even though it
has been derived under the perturbation of f);

e it is an overall property of a matrix, and it does not indicate which
coeflicients of A or f are most ‘sensitive.’

As a consequence, the condition number in certain cases “may tend to
grossly overstate” (Sebald, 1974, p.35) the influences of perturbations.

6.1.4 Some examples

Let us return to the old example. The technology matrix is
-2 100
A= ( 10 0 ) (6.43)

A = 100.02--- (6.44)

Its norm is

and the norm of its inverse

|A~Y| =o0.10-- (6.45)
The product of these two norms is the condition number:

k(A) =10.004 - - - (6.46)

This is not a very remarkable value for a condition number. But, let us
consider a different system with the following technology matrix:

~2 100
A= ( 10 —499 ) (6.47)

Multiplying its inverse with f yields

50000
s—< 1000 ) (6.48)
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A small perturbation of the element in the second row and the second

column might yield
;[ =2 100
A= ( 10 —498 ) (6.49)

, _{ 25000
s = ( 500 (6.50)
Hence, the perturbation of only one of the coefficients by less than 1%
propagates as a perturbation of the results by 50%. The condition number
of the unperturbed matrix is 130, 000, which points out that this system is

likely to be sensitive (or even more extremely) to small perturbations. Let
0Os

with scaling factors

us now study the actual perturbations as indicated by the matrices 8—Ak
For the first system, we have
881 0 0
A ( -10 -0.2 ) (6.51)
and 5
Sy -1 -0.02
0A ( 0.2 —0.004 ) (6:52)
and for the second system
ds1 —1.25x 107 —2.5 x 10°
0A ( -2.5x10®  —5x10* ) (6.53)
and 5 . 5
s2 [ —25x10° =5x10
0A ( —5x10* —1x10 ) (6:54)
Similarly, we have
991 -10 -0.2
oA ( —12 -0.24 ) (6.55)
and 5
g2 -2 —-0.04
oA < —-14 -0.028 ) (6.56)
and

dgs (50 1
0A ( 10 0.2 ) (6:57)
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for the perturbation of elements of the technology matrix of the first system,
and

5 100 2
5%: 0 0 (6.58)
0 0
and
5 0 0
5%: 100 2 (6.59)
0 0
and
0 0
%: 0 0 (6.60)
100 2

for the perturbation of elements of its intervention matrix. For the second
system, the matrices have much larger coefficients.

6.2 Uncertainties and their propagation

Thisted (1988, p.101-102) notes that “roughly speaking, if the input data
to a linear system are ‘good to t decimal places,” then the solution to the
linear system may only be good to t — log;o(x(X)) decimal places.” For
instance, when the input data is correct to 3 decimal places, a condition
of number of 100 means that 2 decimal places are lost in the solution to
a system of equations, so that the solution is correct to 1 decimal place
only. Given the fact that most data for life cycle inventory analysis are
quite imprecise, this is a dramatic observation. In most databases, data
for an inventory analysis are good to only one or two decimal places. A
technology matrix with a condition number of 10 or 100 would deprive the
results from any certainty. Uncertainties in data and their propagation in
the computations is therefore of theoretical and practical interest.

6.2.1 Uncertainties in data

Let us start by considering one single unit process. Traditionally, it would
be described by a process vector

Y41
P=1 b2 (6.61)
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Now, we wish to abandon the idea of point estimates, and include the idea
that a distribution of values for the elements of this process vector exists.
Such a distribution may be interpreted as arising from variability from day
to day, variability from place to place, by random fluctuations, because the
process is in fact a collection of individual processes with inherent sampling
error, or whatever may be the case. Anyhow, all these coefficients will be
assumed to be stochastic variables. In principle, one would need to describe
the underlying distributions for a proper accounting. For simplicity, we will
restrict the discussion by assuming that these distributions are Gaussian.
This enables one to describe the distributions with two parameters, for
instance, the mean and the standard deviation. A certain coefficient with
a point estimate p would then be replaced by N(p,o), where N(-) the
represents the Gaussian or normal probability distribution with mean p and
standard deviation ¢. In the experimental sciences, it is quite normal to
write such a stochastic variable as p£o, although this notation is sometimes
used to indicate the range of possible values that the variable may attain
or the variable’s 95%-confidence interval. Note that, when o indeed refers
to the standard deviation of a Gaussian distribution, the 95%-confidence
interval ranges from p — 1.960 to p + 1.960.
In a stochastic system, we might write a process vector p as

N(pla 0-1)
p=| N(p2 02) (6.62)
or
N(Oa 01)

p=p+0p withdp= | N(0,09) (6.63)

In principle, every process vector may be defined in this way, and a stochas-
tic process matrix P may be constructed.

This is a conservative procedure, as it is based on the idea that all un-
certainties are independent (Smith et al,, 1992). In practice, this is not
true. If the fuel input of a car is specified as 10 & 2 litre and the release of
COz as 100 £ 20 kg, it is probable that a high fuel input will be associated
with a high COg-release and the other way around. For other flows, the
correlation may be negative. At any rate, it is likely that not all uncer-
tainties are independent. In general, the degree of dependence between two
random variables is measured by their covariance, the covariance between
a variable and itself being the variance:

o} = cov(p1, ) (6.64)
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Variances and covariances of a number of variables may be arranged in a
matrix that is called the covariance matrix (or variance-covariance matrix,
or dispersion matrix) :

o} cov(p2, P1)

3= COV(ﬁl,ﬁQ) o‘% ce (665)

Note that cov(pi,p2) = cov(pe,p1), and that ¥ is therefore a symmetric
matrix.

Despite the reduction of information due to this symmetry, an obvious
disadvantage of this approach is that a very large matrix is needed to
represent all variances and covariances. In practice, one is already glad
to have available variances of process data, while covariances are almost
never available in an empirical form. Only theoretical considerations, for
instance on the basis of mass balances and chemical reaction theory can
provide estimates of covariances.

The fact that data in LCA (process data, characterisation factors, etc.)
are uncertain to a certain degree has been acknowledged at many places (cf.
Fava et al. (1994), Hoffman et al. (1995), Pohl et al. (1996), Huijbregts
(1998), Maurice et al. (2000)). Also, systems for describing, classifying or
coding such uncertainties have been used or developed in many texts on
LCA. Main trends include:

e descriptions on the basis of categorical data quality descriptors, e.g.,
Fava et al, (1994), Weidema & Wesnas (1996), van den Berg et al.
(1999);

e descriptions on the basis of distribution theory, e.g., Kennedy et al.
(1996), Hanssen & Asbjgrnsen (1996);

e descriptions on the basis of fuzzy set theory, e.g., Chevalier & Le
Téno (1996), Ros (1998), Pohl (1999).

Describing uncertainties in data is to a certain sense similar to describing
data. A next step, similar to describing how to combine data into an
overall result, is describing how to combine uncertainties in data into an
overall uncertainty. For the combination of uncertainties on the basis of
categorical descriptors and fuzzy set theory, there is not much available.
For the combination of uncertainties on the basis of distribution theory,
main approaches are:
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e approaches based on parametric variation, e.g., Copius Peereboom et
al. (1998);

e approaches based on analytical expressions for error propagation, e.g.,
Heijungs (1994), Kennedy et al. (1997), Ciroth (2001);

e approaches based on random experiments for error propagation, e.g.,
Coulon et al. (1997), Huijbregts (1998), Ciroth (2001).

As this book is not concerned with data, it also will not discuss uncertainties
in data. But, since the emphasis is on the calculations in which data are
combined, the combination of uncertainties is of definite interest for this
book. In this section, we will restrict the discussion to analytical expressions
for error propagation on the basis of perturbation theory. Monte Carlo
techniques, as the main approach to random experiments, are discussed in
Section 6.4. In addition, it should be mentioned that there exist a limited
number of approaches towards other types of data analysis, see, e.g., Le
Téno (1999).

6.2.2 Uncertainties in results

The theory of error propagation is a next ingredient for handling uncertain-
ties (Taylor (1982), Morgan & Henrion (1990)). If two random variables
z and y are combined, by addition, multiplication, or whatever, to form a
new quantity ¢, the uncertainties in z and y propagate as an uncertainty
in ¢. In general, if

q=q(z,y) (6.66)
then the variances add, as a first-order approximation, according to
oq\* g\’ 9q 9q
2 _ 2 2
o, = <%> oy + (@ o, + 2558—ycov(a:,y) (6.67)
When the covariance between different variables is ignored, this reduces to
ag\> dq\ >
ol = <%> o2+ (a—y o (6.68)
When the covariance is not ignored, one may use the relation
cov(z,y) < og0y (6.69)
and find that )
9q 9q
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which gives
0
8o + l—q

09 <
q 8y

oz

as an upper limit (Taylor (1982)).
Application in LCA can be based on these general results. For instance,
as

’aq 5, (6.71)

g
8aij

= _)\kz‘sj (672)
it follows that, approximately and ignoring covariances,

o*(gr) = Y _ Musjo’(aij) (6.73)
i

In this way, all equations of LCA may be processed.

Another approach is presented by Stewart (1990), who works out the
statistical properties of random matrices, or matrices with a stochastic
perturbation. The approach allows for a random matrix A added to a
matrix A with fixed coefficients. In principle, one would like to study the
effects of a random matrix § A with arbitrary probability distributions and
moments. For instance, one would like to draw dAq; from a Gaussian
distribution with variance 5 and draw A2 from a uniform distribution
with width 13. However, as “random matrices are difficult to manipulate
in this generality” (Stewart, 1990, p.582), the discussion is restricted to
so-called cross-correlated matrices, defined by

§A = cHr" (6.74)

Here H is a random matrix with elements that are uncorrelated, have a
mean 0, and have a variance 1, and the two vectors ¢ and r are used to
scale the columns and rows respectively of the random elements. Thus,
for a specific element JA;; is drawn from a distribution with mean 0 and
variance ¢;r;. The idea is that the vector ¢ is flow-specific and that the
vector r is process-specific. The vectors ¢ and r measure differences in
scales of measurement and differences in precision. For instance, a flow of
dioxins in kg will have a smaller uncertainty than a flow of carbon dioxide
in kg. Likewise, the process of aluminium production will have a smaller
uncertainty than the process of painting a house. Observe that the approach
makes no assumptions with respect to the probability distributions. The
only assumptions are that elements of H are themselves uncorrelated. The
approach does not use or calculate full distributions, but only the variance
of such distributions.
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The assumed property of cross-correlation of JA seems workable, at
least as a first approximation. Stewart (1990) now proofs that a first-order
approximation for (A + (SA)_1 yields the following:

E (Hs' _ SHQF) — |6Ac] |If] (6.75)

Here E(-) indicates the expectation operator, and | X|p indicates the
Frobenius norm of matrix X. Although this is an interesting result, its
practical use for LCA is limited. The reason is that the elements of s are
very different in order of magnitude. Hence, an approximate expression for
the norm of ds is less useful than one might be inclined to think.

Still another way is provided by Monte Carlo simulations; for this see
Section 6.4.

6.3 Discrete choices

Section 6.2 deals with uncertainties in continuous data. Data are assumed
to be uncertain due to variability, measurement error, sampling error, and
so on. Data are, however, not always representing a continuous variable. A
box of matches contains an integer number of matches. Any modeling by
means of continuous distributions is an approximation. A stronger error
due to finite granularity occurs when we specify the number of persons in
acar. It is 1, 2, 3, 4 or perhaps a few more. Here, one may wish to apply
a different type of statistical analysis, in which there is a probability for 1
passenger, a probability for 2 passengers, etc.

In LCA, we have to do with data and assumptions, although the bound-
ary between the two is not always clear. The quantity of carbon dioxide
released by a production process is a data item. The choice for a particular
technology specification (e.g., coal-fired instead of gas-fired plants) is an
assumption. This type of assumption creates uncertainties as well. But
they cannot be specified in terms of Gaussian distributions. One way to
deal with them is to specify the two technologies along with the probability
that this is the appropriate technology. This then is not a probability in
the frequentist sense, but more a probability in the personalist sense (cf.
Gillies (2000)). Probability measures are even more difficult to obtain for
this type of uncertainty than for data uncertainty.

Another example of a discrete choice relates to allocation of multifunc-
tional processes. Given one allocation principle, say partitioning on an
economic basis, there is data uncertainty because prices may be variable.
But the choice between partitioning on an economic basis and on the basis
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of energy-content is a discrete one. And the choice between partitioning
and substitution is likewise discrete.

Morgan & Henrion (1990) discuss the use of scenario trees with qualita-
tive levels to study the propagation of uncertainties due to discrete uncer-
tainties or choices. However, they quickly step to Monte Carlo simulations,
because it is easier applied in the computer era than an analytic method,
and it may provide more insightful results. Monte Carlo experiments are
therefore a logical topic for the next section.

6.4 Monte Carlo simulations

Monte Carlo analysis (see Hendry (1984) for an advanced treatment and
Morgan & Henrion (1990) for a more basic treatment) is a sampling tech-
nique. That means that a sample of model results is generated, and that
statistical properties of this sample, like the mean and the standard devia-
tion, are used to provide an indication of the location and dispersion of the
results. Whereas Sections 6.2 and 6.3 put an emphasis on mathematical
analysis, Monte Carlo methods relies on numerical simulations. While an-
alytical methods are exact (although approximations are often needed, for
instance the restriction to first-order perturbations), sampling techniques
provide stochastic results, that are not exactly reproducible. On the other
hand, sampling techniques are able to deal with more than only a few theo-
retical distributions, and can include all types of complicated dependencies.
Especially when fast computers are available, Monte Carlo techniques pro-
vide a useful means of assessing robustness. LCA is an area where it may
be applied fruitfully.

Having specified probability distributions for process data, characteri-
sation factors, normalisation factors, weighting factors, allocation factors,
etc. one can proceed to generate one model realisation. This yields an
inventory vector, g, that we will denote as g!. A second realisation yields
a second result, g2. All together, after model realisations, a set of results
{gl,gz7 e ,gN} will be obtained. This set of results can be subject to
analysis; see Section 8.2.4.

In performing a Monte Carlo analysis, one must choose the number of
runs N. It is important to understand that the number of uncertain input
parameters does not affect the number of runs required. The number of runs
N is only determined by the required accuracy of the output distribution.
Morgan & Henrion (1990, p.200 ff.) provide useful guidelines for choosing
N. As a rule of thumb, they state that “in most uncertainty analysis of
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quantitative policy models, a few hundred or sometimes only a few tens of
runs may be quite sufficient.”

In addition to Monte Carlo simulations, alternative sampling methods
exist, such as Latin hypercube sampling, in which the sampling space is
subdivided into strata. We see no particular advantage in employing these
techniques in the case LCA.

6.5 Change of technology

Most of the results of this chapter was based upon perturbations that were
small enough to allow for a first-order approximations, so that differential
calculus could be employed. Equations such as

Os 1 0A

= A~
8aij 8(11‘]'

A~ (6.76)

were used at many places. However, it was also noticed that a more accurate
expression was available:

ds=—(A+0A) TSAATIS (6.77)
For changes in the intervention matrix, the form
0g = 6Bs (6.78)

holds. These expressions may be of specific interest when there are changes
in technology, e.g., when a cleaner or more efficient process is introduced.
This leads to a replacement of a number of coefficients in one column of A
and/or B. This change could be expressed as §A and §B. In principle, the
above two expressions can be used to calculate new results. In practice,
the use of these expressions may be harder to use than straightforward
calculation of

s+ds=—(A+6A)'f (6.79)

and
g+dg=(B+0B)s (6.80)

However, the use of the two expressions may provide insight on coeflicients
for which the results are extremely sensitive. This takes place in the per-
turbation analysis (Section 8.2.3).
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6.6 Numerical stability

This section will explore some of the consequences of perturbation-theoretic
concepts for the numerical stability of the calculations that are made in
the inventory analysis. The main difference with Section 6.2 is that the
emphasis is on the uncertainty introduced by computational errors instead
of by measurement errors.

6.6.1 Round-off

Let us consider the system of Section 4.3:
-2 100
a=(2 ) esn

s=A"f (6.82)

We can compute

Recall from Section 3.1 the definition of the of final supply vector:
f=As (6.83)
and that of the discrepancy vector:
d=Ff-f (6.84)

As there is no cut-off, allocation, closed-loop recycling or other special
situation, we would expect to find

d=A(Af)-f=0 (6.85)

However, if we type this formula and the appropriate coefficients into Mat-
lab (a computer package that is especially useful for matrix computations),

we find 13
d— ( —0.5684O>< 10 ) (6.86)

This non-zero discrepancy vector arises from computational round-off. In
this case, it is so small that we can safely ignore it, but there might be
situations in which errors are introduced that are of importance. A study
of the effects of using a finite precision, in relation to the way numbers are
stored and treated in a computer is therefore of interest. Part of the ma-
terial related to numerical stability has to do with the choice of algorithm.
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This will be discussed in Section 10.2. But another part has to do with
perturbation theory. This is treated in this section.

In Section 6.2 it was stated that the logarithm of the condition number
provides a rough measure of the number of significant digits that are lost
in a matrix inversion. The matrix in the example above has a condition
number of 10.3. If a computer system works with an internal representation
of 7 or 10 digits, we will not loose precision in the calculations. Suppose,
however, that we measure the first flow for some reason not as litre of fuel,
but instead in 107! litre of fuel. The technology matrix is then

—2x 107" 100 x 10711
A= ( 10 " 10 ) (6.87)

it has a condition number of 102, and the discrepancy vector becomes

g < —0.8039 ) (6.58)

With a large condition number, we may loose precision which does matter.

6.6.2 Rescaling

From the previous example, we see that a change of scale affects the condi-
tion number and hence the round-off danger in numerical operations. We
may use this to our advantage, as a rescaling of rows and/or columns is
always possible if carried out consistently. This proceeds by

agj = T‘iaijCj (689)

where r; represents the factor with which row i is scaled, and c; the factor
with which column j is scaled. This can also be written as

A’ = diag(r)Adiag(c) (6.90)
The rules to be applied to s and f follows directly from
A's' = f' & diag(r)Adiag(c) (diag(c))"'s = diag(r)f (6.91)

In other words,
f' = diag(r)f (6.92)

and
s’ = (diag(c))"'s (6.93)
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In some cases, one may be more interested in the inverse matrix A~}
than in the scaling vector s. Transformation rules for rescaling the inverse
matrix are obtained from the fact that

(diag(r)Adiag(c)) ™" = (diag(c)) ' A~! (diag(r)) ! (6.94)
from which it follows that

A~! = diag(c) (diag(r)Adiag(c)) " diag(r)

= diag(c)A'—ldiag(r) (6.95)

In the example system, the choice

P ( 00.611 ) and ¢ = ( 1 ) (6.96)

yields a substantial reduction of the condition number from «(A) = 10 to
k(A" =1.2.

As a rule of thumb, one may say that r and ¢ must be chosen such that
the absolute value most elements of A lies between 0.01 and 100. Especially
elements of r may well be chosen as 10™°, 1075, 0.001, 1000, 108, 10°, etc.
with an interpretation of changing the units for the rows from kg into mg,
mg, g, Mg, Gg, Tg, and so on. Another option for rescaling is to standardise
every column so that its mean value is zero and its variance one (see Neter
et al. (1996, p.277 ff.)). The problem of optimal rescaling is unresolved;
see Golub & Van Loan (1996, p.125) and Forsythe & Moler (1967, p.37 ff.)
for some useful discussions.
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Structural theory

A technology matrix can be said to be a compilation of process data, a
database. One must keep in mind, however, that the processes are linked
to each other. It is not a database of processes, but a database of linked
processes. The linkage of the processes is expressed in terms of economic
flows, produced by one process, absorbed by a different process. A tech-
nology matrix therefore contains more than process data: it also contains
information on the structure of the interindustry dependence of processes.
This is also true for input-output analysis (see Chapter 5): Leontief’s grand
work bears the title The structure of American economy. This chapter will
discuss approaches towards exploring the structure of a life cycle or product
system. The background of such explorations is provided by something that
we will call structural theory. It is a topic that has hardly been addressed
in the context of LCA. Huele & Van den Berg (1998) and Le Téno (1999)
probably present the only approaches in which the analysis of the structure
of an LCA-database is addressed. Structural theory can be said to be the
least-developed topic. This chapter can therefore not provide a state-of-
the-art review. We can do no better than discuss a number of approaches
that have been described, that can be borrowed from related fields of study
(like input-output analysis), or that we believe to be promising.

7.1 Some definitions

It is natural to use the technology matrix, its inverse and/or the intervention
matrix in carrying out analyses as to the structure of a product system.
There are various candidates for this. We start by reviewing these.

The technology matrix A is the purest representation of the structure
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of the structure of the economy in terms of unit processes. Especially when
the processes are recorded on the basis of flows per year instead of flows per
unit of output (see also Section 2.6) does the technology matrix provide a
picture of the volume of activity of every process in relation to the other
processes.

Chapter 3 provides procedures to cut off flows for which no production
data are available and to deal with multifunctional processes. This involves
several manipulations to transform a technology matrix A into a matrix
A’ that will be referred to as the allocated technology matrix (although
one should keep in mind that the manipulations may include more than
allocation only).

The inventory problem is in general A’s = f. For one particular scaling
economic flow, this may be written as

> s =fi (7.1)
- |

Once the scaling vector s is known, we may single out the individual terms

al;s; of this summation and construct

i
/ !/
/ /

AS = a2181 a2252 A (72)

This matrix can also be written as A’diag(s). It contains all columns
of the (allocated) technology matrix scaled with the appropriate scaling
factor, and it will therefore be referred to as the scaled technology matrix.

The solution of the inventory problem itself involves the inverse of the
allocated technology matrix, A’ .

As for the environmental flows, we may, like for the technology matrix,
distinguish the pure, unallocated intervention matrix B, the allocated in-
tervention matrix B’, and the scaled intervention matrix Bg = B'diag(s)
which displays each flow in the appropriate magnitude.

There is no such thing as the inverse of the intervention matrix, Of
interest, however, may be the product of the allocated intervention matrix
and the inverse of the allocated technology matrix. We have defined this
matrix in Section 2.2 under the name intensity matrix A.

7.2 Summary measures

Summary measures are numbers that condense a certain aspect of a large
set of numbers into one or perhaps a few items. Many statistics are in
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fact summary numbers: the mean and the standard deviation of a data set
provide two characteristic features that may be interpreted as a measure of
central tendency and a measure of dispersion respectively. Such statistics
have been discussed in the context of a Monte Carlo analysis; see Section
8.2.4. They cannot serve to provide a measure of the structure of a system.
For this, several other summary measures may be considered. Below, we
discuss some of these.

7.2.1 The condition number

In Section 6.1.3 the condition number of the (allocated) technology matrix
was introduced as a number that provides an upper bound of the overall
sensitivity of the system to perturbation of the coeflicients. Although its
definition has been formulated in the context of perturbation theory, the
condition number is a property of a matrix that can be calculated without
the need to perturb coefficients. It is an overall property of a matrix, and its
value depends, besides on the scale of the rows and columns, of the structure
of the dependencies between the rows and columns. It can therefore also
be regarded as a summary measure of the structure of a technology matrix.
The interpretation of the condition number as an indicator of the structure
of a system is, however, not clear.

7.2.2 Other characteristics

In addition to the condition number, there are additional characteristic
properties of a matrix. We mention just a few:

e the determinant;
e the trace;
e the rank;

e the spectral radius.

We will not exclude the possibility that one of these properties for one of the
matrices mentioned in Section 7.1 may provide useful information that may
be given an interpretation of the structure of the system under study. But,
as a matter of fact, we have not yet been able to devise such interpretations.
Of course, the rank is an indication of the degree of independence, and the
spectral radius has been discussed in Section 4.2 as providing an indication
whether a power series expansion is possible. But, up to now, it remains
unclear how to relate this information to the system’s structure.
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7.2.3 Correlation analysis

Pearson’s product moment correlation coefficient, or the correlation coeffi-
cient in short, of two data sets of equal length is a dimensionless number
that lies between —1 and 1. It measure the degree of linear association
between two variables. Perfect association yields a correlation coefficient 1
in case of a positive slope and —1 in case of a negative slope. A correla-
tion coefficient 0 indicates totally uncorrelated variables. An operational
formula for the correlation coefficient of two series x and y is

N
> (@i -2y —9)
r=—= - (7.3)
> (@i =2 (i —9)°
=1 =1

Correlation analysis has been applied by Huele & Van den Berg (1998).
Their object of analysis is the matrix that has been indicated as Gy in
section 3.8.2, which has been shown to be equal to the intensity matrix
A. They direct attention to those pairs of interventions that are perfectly
and positively correlated, i.e. for which r = 1. Possible reasons for this
correlation are:

e the correlation coefficient is not really 1 but has been rounded towards
L;

e some interventions appear only in one process.
In addition, we should mention the following:

e the possibility that errors in nomenclature have been made;

e the fact that generic factors have been used, e.g., in converting emis-
sions of NO, into NO, NOs, etc.

Huele & Van den Berg (1998) also study those pairs of inventory tables
for which » = 1. This points out those inventory tables that have been
assumed to be the same, for lack of more specific data, like electricity
generation in Belgium, Spain and Greece.

7.2.4 Multivariate methods

Heijungs et al. (1992, p.I1-118) ask themselves, in the context of contribu-
tion analysis, the following: “can the search for major axes (= dominant
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processes?) be made easier by singular value decomposition?” Huele &
Van den Berg (1998, p.114) mention that “a simple factor analysis was car-
ried out,” but their paper does not provide more clues than a future out-
look (p.118). Heijungs & Kleijn (2001, p.148) also “mention the enormous
toolbox of multivariate methods, like principal component analysis, factor
analysis and cluster analysis” as an item of interest, but do not provide
more details. Finally, Le Téno (1999) reveals a paper in which principal
component analysis is applied. It appears that there is ‘something in the
air’ in using multivariate methods in analysing and interpreting the struc-
ture of LCA. Here, we will describe more, but admit that experience in
applying such methods in the context of LCA is lacking almost entirely.

Multivariate analysis (see, e.g., Howard (1991), Johnson & Wichern
(1992) and Legendre & Legendre (1998)) represents a class of analytical
techniques that aim to detect structural patterns in a data set that can be
arranged in a rectangular matrix, say X of dimension m x n. The structure
of this so-called data matrix is thus

11 T12 - Tin
l‘ x PR l‘

X = 21 22 2n (74)
Iml Tm2 *° Tmn

Multivariate methods are often, but not exclusively, employed in the
context of statistical models. The interpretation of the matrix is then that
there are m observations on n attributes or variates. Often, but again
not exclusively, m > n, i.e. there are more observations than variates.
Although some of the variates may in principle be measured on a categorical
(i.e. nominal or ordinal) scale, we will restrict the discussion here to the
case of strictly cardinal variables. Furthermore, many procedures require
a transformation of the data matrix: each column vector of observations is
centred, i.e. x1 is replaced by x; — X;.

Principal component analysis (PCA) is an analytical tool that effec-
tively rotates the basis vectors that span a linear space in such a way that
the data points are ‘better’ (in a well-defined sense) described in the linear
space that is spanned by the new basis vectors. The general equation for
PCA is

X' =XR (7.5)

where X’ is the data matrix in the rotated system, and R is an orthog-
onal matrix that provides an ‘optimal’ rotation. This rotation is chosen
such as to maximise the variances of the data matrix and to minimise the
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covariances. That is, the covariance matrix of the original data matrix

1
n—1

¥ = xTx (7.6)

is transformed into

Y = ;LIX/TX’ =RTSR (7.7)
with zero off-diagonals. The theory of PCA provides expressions for R and
3. R is the matrix of eigenvectors of X and the diagonal elements of X’
are the associated eigenvalues.

The essential idea of PCA may be grasped from a simple example. Sup-
pose that we have a two-dimensional linear space of environmental flows,
spanned by

( kg of carbon dioxide ) (7.8)
kg of sulphur dioxide |

Also suppose that a number of product systems have been subject to an
inventory analysis, and that the results are known as inventory vectors
g1,892, ... Then we may visualise each of these inventory vectors as points
in the two-dimensional environmental space. Let us assume that electricity
and transport are two of the economic flows for which the inventory vector
has been calculated. It is quite probable that all other inventory vectors are
to a large extent determined by electricity and transport, not by the pro-
cesses of electricity production and transportation, but by the system-wide
flows related to electricity and transport. Some of the inventory vectors will
be dominated by electricity, others by transport, while a third group may
have a large contribution of both. A principal component analysis will now
enable one to determine the number of dominating constituent life cycles.
As an example, consider the matrix
10 0.2 12 4.6 >

(7.9)

GI:A:( 2 01 18 2

A first thing to note is that the matrix A does not have the structure
required by most multivariate models. Each inventory vector can be seen
as an observation in a space defined by environmental flows. Thus, we have
to interchange rows and columns of A, i.e. to transpose it. Indeed, the
matrix

10 2
0.2 0.1
AT = o 18 (7.10)

46 2
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does possess the required structure. The covariance matrix is

28.5 3.76
¥= ( 3.76 0.85 ) (7.11)

A principal components analysis yields the largest eigenvalue A1 = 29 with
associated eigenvector r; = ( 0.99 0.13 )T and second eigenvalue Ay =

0.35 with associated eigenvector ro = ( 0.13 -0.99 )T.

We may interpret this as follows. Almost the entire variation in the
distribution of product alternatives in the 2-dimensional space can be ac-
counted for by the first principal axis, which is a combination of 0.99 kg of
carbon dioxide and 0.13 kg of sulphur dioxide. This axis has no meaning
in itself, but it can be given a meaning, by relating it to one of the inven-
tory vectors that falls almost exactly on this axis. Assuming that this is
the inventory vector for electricity, we find that electricity is an extremely
dominant aspect in many inventory vectors. Figure 7.1 provides a visual
interpretation of the aim and results of principal components analysis in
the context of LCA.

For a multi-dimensional space, things work out more complicated, but
not essentially different. In each principal component analysis, but in par-
ticular in those in a high dimensional space with a large number of high
eigenvalues, the interpretation of the first few major axes can become dif-
ficult.

Factor analysis, also referred to as common factor analysis (CFA), is
a technique that is often presented as a further refinement of principal
component analysis in a purely statistical context. Because PCA itself is
not yet quite understood in relation to LCA, we will not discuss CFA at
this stage of development. It appears logical, however, to explore the use
of CFA and related methods of multivariate analysis in near future.

7.3 Visual tools

Summary measures as discussed above may sometimes be too crude in re-
ducing a system with a few hundreds of processes and an equally large num-
ber of economic and/or environmental flows to one number. For instance,
in the context on perturbation theory it was noted that the condition num-
ber often overestimates the sensitivity of a system, and moreover does not
indicate which data items are the most sensitive ones. Matrices such as

9k . . . i
A provide much more valuable information. However, these matrices are
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difficult to oversee for a large system. Visual tools are perhaps indispens-
able in such cases. They do not provide accurate numerical results, but
they allow for a quick overview of the most important features.

7.3.1 Spy plots

Huele & Van den Berg (1998) introduce “spy plots” (the name probably de-
rives from Matlab’s spy command for viewing sparsity patterns in matrices)
as a visual tool to inspect the structure of an database of inventory tables.
Their object of analysis is again the intensity matrix A. Their Figure 1
can be seen as the transpose of the intensity matrix, with a line denoting
a row or column that contains zeros only. We transpose their figure to be
able to tie the discussions to the matrix structure in a straightforward man-
ner. Rows of A with zeros everywhere indicate “emissions/resources that do
not appear in any inventory,” while columns with zeros everywhere indicate
“inventories that contain no emissions/resources.” Empty rows thus point
out interventions that either could have been omitted from the system, or
that may have been erroneously forgotten. Empty columns mostly refer to
partial LCAs with absent data, for instance gate-to-grave waste treatment
of used products for which no data is available. Although Huele & Van
den Berg (p.117) see spy plots as “a useful way to visualise the presence of
empty inventories and non used emissions/resources in an LCA data base,”
we think that the usefulness is restricted to error checking in practice, and
that it cannot be regarded as a genuine tool for structural analysis.

7.3.2 Other graphics

Section 8.2 discusses various ways of interpretation, and Heijungs & Kleijn
(2001) propose various sorts of graphical presentation for contribution anal-
ysis, uncertainty analysis and comparative analysis. Although such meth-
ods for presentation are valuable in themselves in a concrete case study,
they cannot be regarded as forms of structural analysis.

A similar argument applies to the visual inspection of disparateness of
product alternatives, as in the principal component analysis with bootstrap
by Le Téno (1999). The question of disparateness of product alternatives
is a crucial one for decision-analysis. We think, however, that the degree
of discernibility can better be answered with a statistical analysis than a
visual one. Section 8.2.7 introduces such a statistical analysis under the
name of discernibility analysis.

Le Téno (1999) also suggests to plot various alternatives in a linear space
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of which the basis is spanned by environmental flows. This is an interesting
addition as a visual aid in interpreting the structure of an intensity matrix
with principal component analysis; see Figure 7.1. As long as the rotated

kg of
sulphur
dioxide

kg of carbon dioxide

Figure 7.1: Impression of the position of four inventory vectors in a two-
dimensional linear space representing two environmental flows. The dashed
lines represent the rotated co-ordinate system after principal component
analysis.

space is restricted to two dimensions, corresponding to the two eigenvectors
with the largest eigenvalues, this works fine. When two directions do not
suffice to account for most of the variation, the restrictions of using a planar
projection will make visual interpretation cumbersome. We don’t know to
which extent this will be the case in real-world situations.



Chapter 8

Beyond the inventory
analysis

In this chapter, we discuss the computational aspects of the phases and
elements of the ISO-framework for LCA which may take place after the
inventory analysis. In principle, this concerns the phases impact assess-
ment and interpretation. However, by treating the statistical analysis of
the inventory analysis in the previous chapter, as an integral aspect of the
inventory analysis, a substantial part of the theoretical part of the inter-
pretation has already been discussed. Moreover, a large number of issues
for interpretation deal with procedures, quality checks or reiterations of
‘previous steps. Those issues obviously fall outside the scope of this book.
This chapter thus deals with the impact assessment, including its statistical
analysis, and selected elements of the interpretation.

8.1 Impact assessment

The theoretical literature on the methodology of LCA is much larger for
impact assessment than it is for inventory analysis. Hauschild & Wenzel
(1998), for instance, devote 540 pages to impact assessment, and 25 pages to
inventory analysis. Pertinent problems arise in impact assessment: which
impact categories should be chosen, which category indicators provide an
environmentally relevant, yet feasible, representation of environmental im-
pact, which level of spatial and temporal differentiation should be aimed at,
how should subjective preferences be incorporated, etc. The computational
structure of impact assessment, however, is much easier than that of the
inventory analysis. The inventory analysis can be seen as a model, which
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includes all types of model complications: cut-off, multifunctionality, and so
on. Impact assessment, in contrast, is a much more mechanical procedure
that uses the results of all sorts of complicated models, provided that such
models are available. In other words, the model content of impact assess-
ment is much lower, because it is assumed that the characterisation models
that are used in impact assessment cover such modeling technicalities.

In this section, we discuss the computational structure of life cycle im-
pact assessment. This means that certain important steps from the ISO
14042-standard (ISO, 2000) are not or only superficially discussed. Em-
phasis is on the steps in which calculations are made, viz. characterisation,
normalisation and weighting. In contrast to inventory analysis, the com-
putational steps of impact assessment are presented in many texts. For
instance, Lindfors et al. (1995), Heijungs & Hofstetter (1996) and Wenzel
et al. (1998) offer formulas for characterisation of the form

hi =) 4ij9; (8.1)
J

for normalisation of the form

>
il
B
)
o
N’

and for weighting of the form
W= Z wihi (8.3)
i

These three formulas are derived in the Sections 8.1.4, 8.1.5 and 8.1.7.
However, prior to these steps, some formal aspects of impact categories in
relation to linear spaces and the mathematics of characterisation factors
should be pointed out.

8.1.1 Impact categories and characterisation models

In a methodological sense, the selection of impact categories is controver-
sial. From a mathematical perspective, however, it is easy. We can just
assume that P categories have been chosen, and that associated with these
impact categories P category indicators have been chosen. We can then set
up a linear space with a P-dimensional basis. For instance, when P = 3 and
the impact categories are acidification, global warming and resource deple-
tion, with associated category indicators H'-release, infrared absorption
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and decreased availability, and units kg SOs-equivalent, kg COs-equivalent
and RDU (= resource depletion units, a hypothetical unit for aggregating
resources), the basis is

kg SOs-equivalent of HT-release
kg CO3z-equivalent of infrared absorption (8.4)
RDU of reduced availability

The indicator results are the numerical outcomes for a certain product
alternative. How to find these is described in Section 8.1.4. Here we limit
ourselves to the fact that a vector of indicator results defines a point in
this linear space. The symbol h will be used to indicate such a vector. For

instance, the vector
5

h=| 20 (8.5)
2

/

indicates a vector of indicator results that corresponds to 5 kg SOz-equiva-
lent of HT-release, 20 kg COs-equivalent of infrared absorption and 2 RDU
of reduced availability.

Along with the choice of a category indicator that is supposed to reflect
a certain impact category, a characterisation model is taken from literature
or developed. A characterisation model is a function that maps a point in
G space to a point in H space:

n:9—H (8.6)

We will restrict the discussion to the case that such a point lies on one of the
axes of the linear space. In that case, its co-ordinates are 0 for all but one
of the vector elements. Thus, given a set of environmental interventions, a
characterisation model returns a number, h;. We will write

hi = n;(g) (8.7)

where 7; is the characterisation model for category indicator (and hence
impact category) i.

8.1.2 Derivation of characterisation factors*

In general, 7; will be a non-linear function of its argument vector g. This
means that the complete function (and hence the complete model) must be
available when an LCA is carried out. This is very inconvenient in practice.
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Therefore, a simplification is introduced. It is based on the assumption that
there is a relatively large background of environmental interventions, and
that one product alternative creates only a small change. It seems therefore
reasonable to use a Taylor’s series expansion of the function 7; around the
background level. This background intervention level will be denoted by
go. We thus study

ni(8 +8) = mi(8o) +Z[ (8o } g+
1 [dn;
>3 d?T(?) <o)
"1 d2?7-(go): (8.8)
.2,;5 [ dg;dg | X g9kt
1 [di(go) ]

Under the assumptions of a relatively small value of g and of well-behaved
derivatives, the infinite series can be reduced by neglecting all second and
higher order terms. This the yields the following approximation:

ni(80 + &) ~ 7mi( o) + Y {%@} X gj (8.9)
j J

This means that we may approximate the change in impact due to a rela-
tively small additional intervention g as

N dn;(go)
An;(g) ~ ZJ: [_agj— X gj (8.10)
We then identify the change in impact An; as the impact that is attributed

to an intervention vector g. The above expression is a linear one, that can
be rewritten as

hi(g) ~ qig (8.11)

where q; represents the characterisation vector for impact category ¢. It is

given as
(q:); = [%fﬁ] (8.12)

Notice that (q;) ; represents the characterisation factor for the contribution
of intervention j to impact category .
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In the following sections, we will go on to consider the inventory vector

120
g=| 14 (8.13)
—~100

We will assume that characterisation models 71, 72 and 73 are available for
modeling the effects on the impact categories acidification, global warming
and resource scarcity, in terms of the basis

kg SOz-equivalent of H-release
kg COs-equivalent of infrared absorption (8.14)
RDU of reduced availability

Finally, we will assume that three vectors of characterisation factors have
been derived from these three models, yielding:

0 1 0
Q=11 ],q9=| 01 and q3 = 0 (8.15)
0 0 —-15

meaning, for instance, that of all environmental flows involved in the linear
space, only sulphur dioxide contributes to acidification, and has a char-
acterisation factor of 1 kg SOs-equivalent of H*-release per kg of sulphur
dioxide. The negative coefficient in q3 implies that the extraction of crude
oil, which is a negative intervention, leads to a positive contribution to
resource scarcity.

8.1.3 Classification

Classification refers to the “assignment LCI results to impact categories”
(ISO, 2000, p.7). This definition (and many other definitions from litera-
ture) leaves unclear whether only the inventory items are assigned as flow
names, or that the quantities are assigned as well. For instance, given the
fact that carbon dioxide is a greenhouse gas, and that the hypothetical
product system of Section 2.2 shows an emission of 120 kg of carbon diox-
ide, one could assign either carbon dioxide to global warming, or 120 kg of
carbon dioxide to global warming. Thus we may distinguish two variants
of classification:

e qualitative assignment;

e quantitative assignment.
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In both cases, the classification is based upon the question if a particu-
lar environmental intervention, say j, contributes to a particular impact
category, say ¢. When all information in this respect is embodied in the
characterisation factor (q;) i it means simply checking if this characterisa-
tion factor is zero or not. If it is zero, the interventions does not contribute
to the impact category, if it is non-zero, it does. The Heaviside step function
©O(z) which is defined as

1 ifx>0

0 otherwise (8.16)

o) - {
provides a mathematical form of testing whether a variable is positive or
not. Because non-zero characterisation factors may be positive or negative,
we must use the Heaviside stepfunction of the absolute value:

oled={ § o750 (8.17)

Classification according to the qualitative interpretation amounts to
constructing

hij = © (|(@)]) © (g5 (8.18)

where ﬁij is one of the results of the classification. It is 1 for a com-
bination of environmental flow j and impact category ¢ with a non-zero
characterisation factor and a non-zero intervention, and it is O if either the
characterisation factor or the intervention is zero (or both).

Classification according to the quantitative interpretation proceeds by

Bz’j =0 (\(QZ)JD 9j (8.19)

where iLZ’j is again one of the results of the classification. It is equal to the
size of the intervention g; when both characterisation factor and interven-
tion differ from zero, and it is 0 if either the characterisation factor or the
intervention is zero (or both).

An important function of the classification is to add information on
poorly described environmental mechanisms. If certain environmental flows
are known to contribute to a certain impact category but a characterisation
factor is lacking, the classification can be used to include such information.
In that case, the criterion used in classification is of course not a mechanical

selection according to © (\ (qi); D, but involves accounting of missing values

in a way that characterisation factors may be non-zero, zero, or unknown.
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Slightly related to this is that characterisation factors, derived accord-
ing to Section 8.1.2, may be zero even when an environmental flow con-
tributes to an impact category. A zero characterisation factor may arise
when a characterisation model 7;(g) has a maximum or minimum for g;.
For instance, when phosphate is a limiting factor for eutrophication, a small
change of the emission of sulphur will not affect the level of eutrophication.
Or, when all vegetation has disappeared due to excessively high levels of
acid rain, the characterisation factor for nitrogen will be zero.

Sometimes, the problem of interventions with parallel or serial mecha-
nisms is discussed in connection to classification. For instance, ISO (2000,
p.7), states that “SOs is allocated between the impact categories of human
health and acidification.” In the qualitative interpretation of classifica-
tion, this allocation problem is absent, as flows are assigned without caring
about quantitative details. In the quantitative interpretation of classifica-
tion, one would need factors for allocating a fraction of each flow to the
different impact categories, e.g.,

hij = 24,0 (‘(qi)j‘> gj (8.20)

There is no guidance in how to construct such allocation factors Z;;.

The result of the classification is a classification matrix H with rows
representing environmental flows and columns representing impact cate-
gories. Observe that this matrix differs from the “results of classification
may be presented in a matrix” as described by Consoli et al. (1993, p.23).
Also observe that, while characterisation often leads to a reduction of the
number of variables, classification leads to an increase. No aggregation of
is involved, although Fava et al. (1993, p.16) suggest that classification
includes the “initial aggregation of data.”

For the example, we find

010
H=|11 0 (8.21)
0 01
for qualitative classification, and
0 14 0
H={ 120 14 0 (8.22)

0 0 -100
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for quantitative classification, or

0 7 0
AH={ 12 7 0 (8.23)
0 0 —100

for quantitative classification with an allocation of sulphur dioxide over
acidification and global warming on the basis of 0.5 and 0.5.

8.1.4 Characterisation

Characterisation “involves the conversion of LCI results to common units
and the aggregation of the converted results within the impact categories”
(ISO, 2000, p.7). Conversion is implied to mean multiplication. A general
formula for characterisation is

hi =Y (@), 95 (8:24)
;

When the characterisation vectors for several impact categories are juxta-
posed, we can form the characterisation matrix Q:

Q=(ai|al| ) (8.26)

The formula for the characterisation into the various impact categories
assumes the form

h=Qg (8.27)

We will refer to h as the impact vector.
The example leads to a characterisation matrix

0 1 0
Q=|1 01 o0 (8.28)
0 0 -—15

As a side remark, one may notice that this matrix is square. In general,
this will no be so; in practice the matrix will have hundreds of rows and
only ten or twenty columns. Because no inversion is needed, a non-square
matrix is not of concern here. With

120
g= 14 (8.29)
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one finds
14

h=| 134 (8.30)
1500

for the impact vector.

From a computational point of view, this is all there is to say on char-
acterisation. Some remarks apply, however. The inventory vector contain
negative elements for inputs. Natural resources are an important example
here. In the definition of the characterisation factors as the change in im-
pact as a result of a small change in intervention in the positive direction,
we will find that the characterisation factor that measures the contribu-
tion of crude oil to resource depletion is a negative number: a positive
change means less extraction and therefore less depletion. The product of
a negative element of g and a negative element of Q is positive, hence the
converted intervention is positive, as it is for ‘normal’ pollutants. Occasion-
ally, there may be negative characterisation factors for emitted substances
as well. This is because some substances have a moderating effect on a cer-
tain type of impact. Finally, emissions may sometimes be negative them-
selves, as in the case of uptake of carbon dioxide by agriculture, and when
the substitution method is used to allocate multifunctional processes so
that the system contains ‘avoided processes’ (see Section 3.2.2). Such neg-
ative interventions lead, when multiplied with a positive characterisation
factor, to a converted intervention with a negative sign.

8.1.5 Normalisation

Normalisation refers to the act of dividing the results of the characterisation
by a suitable reference value. An often used reference value is the magnitude
of the characterisation results for a reference area during a reference period,
e.g., the world during one year. We will indicate the reference inventory
vector by g and write

h=Qg (8.31)

to indicate the reference impact vector h. Notice the use of the dot, as a
mnemonic for the fact that product-related interventions are usually mea-
sured in terms of kg, while the interventions for a reference period are
measured in terms of kg/yr.

The normalisation step itself now consists of dividing each element of
h by the corresponding element of h to yield a normalised indicator result
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for impact category :

hi = = (8.32)

which obviously makes sense only when the reference value is non-zero.
This is an unproblematic restriction, because one of the reasons to con-
sider a specific impact category is the fact that it is a non-trivial issue.
Normally, elements of the vector h have units such as kg COz-equivalent,
and elements of h have units such as kg COg-equivalent/yr. The elements
of the normalised impact vector h is the ratio between these two, and is
normally expressed in time units, such as yr.
If, in the hypothetical example, the annual environmental flows are
given by
10"
g=| 5x10° (8.33)
-10°
we find
5 x 10%0
h=| 1.1x10" (8.34)
1.5 x 1010

so that
2.8 x 10710

h={ 12x10* (8.35)
1x1077

is the normalised impact vector.

8.1.6 Grouping*

ISO (2000, p.9) defines grouping as “assigning impact categories into one
or more sets”. Although have not seen many proposals for or examples
of grouping, it seems to involve the partitioning of the impact categories,
or probably the numerical results for all every impact categories h, into a
small number of sets. This is discussed towards the end of the section on
contribution analysis (8.2.1).

8.1.7 Weighting

Weighting is a controversial issue. It requires the condensation of subjective
opinion into quantitative measures that may be used for decision-making.
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From a computational point of view, weighting is simple. Given a weight-
ing vector w, where element w; provides the weighting factor for impact
category 7, weighting proceeds by

W= wh; (8.36)

or in matrix form

W =wh (8.37)

Here W represents the weighted index. Usually, weights are dimensionless,
so the weighted index agrees in dimension with the elements of fl; normally
it will be yr. Observe that we have restricted ourselves to a linear weighting
model; see, however, Section 9.1 for some extensions.

Occasionally, weighting may proceed into more than one index, for in-
stance one for the area of protection human health and one for the area of
protection ecosystem health. In those cases, one would write

Wi =Y wiih; (8.38)

where wy; is the weighted index for area of protection k.
It may also happen that the weights do not relate to normalised scores
but to the characterisation results directly. In that case, one obviously has

W =Y wh; (8.39)

Notice that strict requirements apply in this case due to the fact that the
elements of h have in general differing units or even dimensions. The units
should be equalised by means of the correspondingly different units of the
elements of w.

For the example, we work with a hypothetical weighting vector

8
w=|[ 15 (8.40)
3
which gives
W=32x10"7 (8.41)

for the weighted index.
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8.2 Interpretation

In most texts on LCA, it is acknowledged that goal and scope definition,
inventory analysis and impact assessment deal with uncertain information.
Nevertheless, the results of these phases are most often expressed as point
estimates. The fourth phase, interpretation, is then used to address un-
certainties and their influence in depth. Uncertainty analyses, the study of
alternative scenarios, the influence of choices and the significance of data
gaps are approached in this phase. In this book, we have chosen to discuss
perturbation theory and the influence of uncertainties in a prior chapter (6).
This means that a large part of the material has already been discussed.
In this section, we still reserve a place for a short discussion of uncertainty
analysis, to bring together all relevant information on that topic at one
systematic place. Certain other aspects of interpretation are discussed as
well. We largely follow Heijungs & Kleijn (2001) as to the choice of topics
addressed. This means that all types of analysis of a procedural character
are considered to be outside the topic of this book.

8.2.1 Contribution analysis

When the discussion is confined to computational aspects, inventory results
are summarised in the inventory vector g. The formula for it was derived
in Section 2.2:

g=BA"f (8.42)

which is a concise notation for

Veige =) Y bij (A7), fi (8.43)

Vi Vi

Here the sum over j represents the aggregation over all unit processes, and
the sum over 7 the aggregation over all economic flows that link these pro-
cesses. Notice that we cannot employ the intensity matrix in the above
equation, as its elements would only have the subscripts for ki; the sum-
mation over j is implicitly carried out in the intensity matrix. This means
that LCA on the basis of pre-aggregated inventories (see Section 3.8.2) is
incompatible with the sort of contribution analysis that is described below.

There are situations in which only a partial aggregation or no aggrega-
tion at all are desired. Such situations include:

e to investigate the contribution of a unit process, e.g., production of
ethylene, to a particular intervention, e.g., the emission of COsg;
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e to investigate the contribution of a set of unit processes, e.g., those
belonging to the materials production phase, to a particular interven-
tion, e.g., the emission of COs.

It is appropriate to introduce the term partial intervention to indicate a
particular environmental flow for which the double summation has not been
executed fully. Let us partition the set of unit processes P into a number
of smaller sets Pq, Po, ... such that

JP.=P (8.44)

and
Va#b:P,NP,=10 (8.45)

Now, denote the partial intervention for the set of unit processes P, by

Vk:ge(Pa) = D) by (A7), f: (8.46)

jeP, Vi

Because the subsets form a partition of the full set, we have

kY gk(Pa) = g (8.47)

so that we may indeed interpret gi(P,) as the partial intervention for en-
vironmental flow k. We can interpret this further as a contribution to the
P
total intervention g; when we form the ratio M so that
9k

vk:Y @-;':—a) =1 (8.48)

a

In connection with the substitution method for allocating multifunc-
tional processes (see Section 3.2.2), it was remarked that emission may be
negative, because they are emissions from an avoided process. When a cer-
tain substance is emitted by certain normally included processes as well as
by certain avoided processes, certain problems in interpreting a contribu-
tion analysis may occur. It may, for instance, happen that a total emission
is positive, say 20 kg, and that one partition of processes yields from a con-
tribution analysis 30 kg while the other partition of processes yields —10
kg. It seems strange to state that the first partition contributes 150% while
the second partition contributes —50%. It may even be the case that nor-
mally included processes and avoided processes exactly cancel one another
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for a certain emission, for instance contributing 10 kg and —10 kg. In that
case, one cannot even specify contribution as percentages.

It is not always simple to define a sensible partition of the set of unit
processes. Moreover, a unit process is fully assigned to one and only one
subset of unit processes. This means, for instance, that if the unit process
of production of electricity delivers electricity to the processes of production
of polyethylene and using a refrigerator, it is not divided among a subset
materials production and a subset household activities. It can be included
in one of them, or it can be included in an entirely different subset (like
energy production).

The most detailed partition that can be formed is one in which each
subset P, contains only one unit process, e.g., process a. The advantage of
this fine partitioning that the aforementioned problem of forming sensible
partitions is omitted. The contribution analysis than simply studies the
contributions to a certain intervention by each individual process.

We may observe that the inventory vector follows from a double summa-
tion, and that the partial intervention has been discussed only in relation
to one of these two summations. The second summation is over economic
flows (index 4). In principle, it is possible to define a partition of the set
of economic flows E into a number of smaller sets Eq, Es, ... with identical
rules for their union and cross-section. Another partial intervention for the
set of economic flows E, can be formed by

Vk:ge(Ea) =) > bk (A7), fi (8.49)

v € Ea

Recall, however, that in most cases the final demand vector f is a vec-
tor with zeros everywhere except at one place, the flow that corresponds
to the reference flow of the system. This type of decomposition is there-
fore of little practical interest in LCA. In a more scenario-based analysis of
economy-wide consumption patterns, a composite final demand vector may
be interesting; see Section 3.9.3. In that case, contribution by several sub-
sets of economic flows may be a topic of study, for instance in decomposing
a household’s impacts into the food-related part and the non food-related
part.

Going beyond the inventory analysis, we proceed to the characterisa-
tion. The formula for the impact vector can be written as

h=QBA"'f (8.50)
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which stands for
Vi:h = Z Z ZQlkbkj (A_l)ji fi (8.51)
vk Vj Vi

Here the sum over k represents the aggregation over all environmental in-
terventions, and g the characterisation factor linking intervention k and
impact category [. There are now three summations, and when we ignore
decomposition of the sum over economic flows ¢, there remain two directions
of decomposition:

e a contribution analysis according to unit processes;

e a contribution analysis according to environmental interventions.

For the decomposition in terms of processes, we extend from before and
obtain a partial impact score

VEih(Pa) =" Y auwbi; (A )i fi (8.52)

vk ]GP Vi

For the decomposition in terms of interventions, we may repeat the pro-
cedure of defining a partition for interventions. We may partition the set
of interventions | into a number of smaller sets 1, ls, ... with the by now
familiar rules for union and cross-section. This then may be used to define
the partial impact score

Viih(la) =YD > awbey (A7Y), fi (8.53)

kel, Vi Vi

The two directions for decomposition may also be followed at the same
time, yielding

Viihi(Payly) = > D awbi; (A7) fi (8.54)

kel, jeP, Vi

For this latter form, we have
VYN hy(Pal) = Iy (8.55)
a b

When the number of subsets along which P is partitioned and the number of
subsets along which | is partitioned are both large, the decomposition takes



176 Chapter 8

place along very many subsets. This may in some cases be problematic,
for reasons of interpreting a very long list, and because most individual
contributions will become very small.

In most practical applications, decomposition of interventions is carried
out at the level of individual interventions, not at that of subsets that con-
tain more than one element. However, such larger subsets of interventions
may provide sensible partitions, e.g., when one investigates the contribution
to toxicity by all pesticides or by all persistent chemicals.

The remark on problems in interpreting negative contributions is also
applicable at this place. Occasionally, characterisation factors are negative,
e.g., certain chemicals prohibit photo-oxidant formation. When analysing
the contributions by different interventions to photo-oxidant formation,
most chemicals will therefore show a zero or positive contribution while
a number of them will show a negative contribution.

The level of normalisation does not add more directions for decomposi-
tion. The formula is

vl : }~” Z Z Z qlkbkj ]1 fl (8.56)

Vk Vj Vi

so that the discussion on characterisation can be repeated here.
There is one additional direction at the level of weighting. The formula

W= Z DD IH I —Qlkbm ki (8.57)

Yk Vj Vi

is

Defining a partition of the set of impact categories C into a number of
smaller sets Cq,Cy,... provides a third direction for decomposition. We

write
=33y —qlkbka )i fi (8.58)
lGC Vk Vj Vi

to indicate the contribution of the set of impact categories C, to the
weighted index. The other two directions are given by

DI IPIPPe=: —qlkbkg AT fi (8.59)

VU gel, Vi Vi

and

=>2.> Z *szbm )i fi (8.60)

VI Vk jeP, Vi
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The three directions may be combined in four different ways:

W(Pa,C)=> > > Z—mk% (A7), fi (8.61)

1eCy VEk jeP, Vi

for the contributions by processes and impact categories,

W(la, C)=>_ > ZZ_QIkka i (8.62)

1el, keC, V5 Vi

for the contributions by interventions and impact categories,

Z Z Z Z _QZk‘bk‘J 1)ji fi (8.63)

VI kel, jeP, Vi

for the contributions by processes and interventions, and

W (Pg, Iy, C Z Z Z Z "—QZkka )ﬂ- fi (8.64)

1eC. kel jeP, Vi

for the contributions by processes, interventions and impact categories.
Notice that we have left out the decomposition in the fourth direction —
that of economic flows — in the entire discussion. when meaningful, it may
be added in a trivial way.

Partitions of the set of impact categories are not often made, apart
from treating each impact category as one such subset. Possible sensible
subsets could comprise: all toxicity-related impact categories, all chemical-
related impact categories, and so on. This variant of contribution analysis
is probably the same as what ISO (2000) has in mind with grouping (see
Section 8.1.6).

Contribution analyses have been performed in many case studies. Their
theoretical foundation has not received much attention, however. An ex-
ception is provided by Noh et al. (1998).

8.2.2 Structural analysis

Chapter 7 discussed the tentative principles of structural theory in connec-
tion to the inventory analysis. Now, we are ready to assign its application
a place in the interpretation phase, under the name of structural analy-
sis. Structural analysis could then be defined as the systematic study of
the presence of patterns in LCA data. As the most important object for
structural analysis, the intensity matrix has been proposed for analysis in
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correlation analysis (Section 7.2.3) as well as in principal component anal-
ysis (Section 7.2.4). Because the details and usefulness of these techniques
are not yet clear, we will restrict ourselves here to this brief reference. In
addition, we may mention the quantities that can be used analogous to the
intensity matrix at various levels:

e the inverse of the technology matrix A~! at the level of the scaling
vector;

e the intensity matrix A at the level of the inventory vector;
e the matrix QA at the level of the characterisation.

There is no need for considering the level of normalisation here. This is
because PCA starts from the covariance matrix, so that changes of scale
introduced by normalisation tend to be ignored. The level of weighting has
been left out, because weighting yields data in a one-dimensional space,
that cannot be further reduced by PCA or similar techniques.

8.2.3 Perturbation analysis

In Section 6.1, we discussed the sensitivity of the solution of a system for
small perturbations in the coefficients of the equations. We were lead to

consider quantities like Ogx and %

8aij 8b¢j
for these. In a perturbation analysis, the emphasis is not so much on the
absolute but on the relative sensitivity. That is, a typical question could
be: ‘If a certain process coefficient changes by 1%, how many % change the
environmental interventions?’ A key to the answers is to be found in the

first-order approximations for dg:

, and derived algebraic expressions

gk gk
0gr ~ ——da;; and dgr ~ ——3b;; .65
gk 8aij G;5 and 0gg 8bij j (8 )

This leads to

Sge  aij Ogr Sai; - Sgk  bi; gy 8bi;
Ok, 0ij Ok 00ij . 9%k _ bij Ogk 0bij (8.66)
9k gk Oas; ai; gk gk Obij by

Such a question thus calls for a study of a number of quantities ~y; defined
by
9gk/ gk _ Ogk/ gk
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which approximate the question mentioned as can be seen from

(5gk 50,1']'
9k ( Z]) asj

99k

and
9k bij

6bij

We will indicate the matrix formed for one k and several values of ¢ and j

by
O9k/ gk

Ogk/ gk

Oaii/an

Tw(A)=| Ogx/gk

Oaia/ai2

I9k/ gk (8.69)

Oaa1/an

and
O9k/ 9k

Oagza/azs

09k / gk

Ob11/bn

Tv(B)=| Ogk/gk

0b12/b12

Ogrk/ 9k (8.70)

0ba1 /b2

Obaa /bao

and refer to these matrices as perturbation matrices for the inventory vec-
tor. We need not worry too much about what happens when g, a;; or b;;
is zero: gr = 0 denotes an intervention that is not involved, and we may
exclude it from the analysis, and a;; = 0 and b;; = 0 can lead us to define

Y = 0.

Ogk  Ogr nd Og derived in Section 6.1,

Inserting the expressions for 5a¢j’ i a o7,
we find o
Vo(ai;) = ==L Apis; (8.71)
9k
and )
— Y zs; ifi=k
Y (bij) = g T (8.72)
0 otherwise
We may also derive an expression for v¢(f;) = 9gk/ Ik .
ofi/ fi
N_ i
Y (fi) = =i (8.73)
9k

Because gr = Z Meifi and f; is most often 0 for all but one i, we usually

J
have
1 ifi=r
0 otherwise

YWw(fi) = { (8.74)
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In the example system, we have

A7 —0.
T1(A) = ( 0 17 0.17 ) (8.75)
— 0
and
Ty(A) = ( 0.219 —0.29 ) (8.76)
- 0
and
ra)=( L 7} 8.77
VT -1 o0 (8.77)
for perturbations of the technology matrix A, and
0.83 0.17
'B) = 0 0 (8.78)
0 0
and
0 0
I's(B)=| 071 0.29 (8.79)
0 0
and
00
I'sB)=| 0 0 (8.80)
01

for perturbations of the intervention matrix B.

For a given environmental flow k, one may compute all possible values
of vk, and tabulate them in ascending or descending order. Here, one may
decide to mix up yx(as;;) and 7, (b;;) in one table. One may wish to ignore
the sign in the sorting procedure. One may also wish to ignore values of ~;
that are small enough to be uninteresting, e.g. those for which |y;| < 0.5.
It should be noted that Sebald (1974) discusses a similar concept for input-
output analysis, under the name “most important parameter problem.”
Heijungs (1994) introduces it in LCA under the name “marginal analysis.”
The quantities ~; are known as multipliers, tolerance amplifications, or
amplification factors. For the example, we find the table below.

We may note that for certain combinations of 4, j and k, vyk(a;;) is
positive and for others negative. This is interpreted in terms of the direction
of sensitivity. If y;(as;) is negative, a small increase of a;; leads to a decrease

of gk-
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Table 8.1: Sorted multipliers for g; (carbon dioxide) for a perturbation
analysis of the example case.

Coeflicient Multiplier
asq 1

b1y 0.83

ali 0.17

a2 —0.17

b11 0.17

We may also note that it may occur that certain values of y;(a;;) are
larger than 1 or smaller than —1. This points out that these parameters are
quite sensitive to perturbations. A value of 2 means that a change of a;;
by 1% induces a change in g by approximately 2%. It is especially these
values that are of interest in iterative improvement of data reliability and
product and process improvement. It is therefore an interesting question
when |y| > 1. There is, unfortunately, no easy answer to this. We may
approach it by considering the relative sensitivity of the scaling factors for
perturbations of the technology matrix, contained in the matrix Xx(A):

ok(aij) = Osi/on _ oy Os _ _ % ( _1)

= = = ; 8.81
8aij/a,-j Sk 8aij Sk 8] ( )

ki
Assuming the usual case of only one non-zero reference flow, f,. = ¢, we

obtain . i
(A71),, (A7)

ki
or(aij) = —aij (A1),

(8.82)

There does not appear a clue to the question under which conditions
lok(ai;)| > 1. The conditions under which |yx(as;)| > 1 or [yk(bs;)| > 1 are
even more obscure. Experience suggests that a prerequisite for |y (a;;)| > 1
is the existence of feedback loops in the technology matrix.

We may finally notice that the sum rows of I'y, appears to be 0 or %1.
We can verify this from

> wmwlay) = -2k Y aijsj = —%fi = —(fi) (8.83)
j

gkj

In the most usual case, with f; = 0 for all ¢ except when ¢ = r, this leads

to
> k(i) = { 51 ifi=r (8.84)
J

otherwise
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Furthermore,

1
—Zbiij =1 ifi=k
D wlby) =< 95 (8.85)
J

0 otherwise

Thus, the sum rows is 0 or —1 for the I'y(A) and 0 or 1 for the I'y(B).
Similar to y(a) and 7(b) as a measure of the perturbation in g, other
measures may be constructed for:

e scaling factors: o(a), where o measures the change in s;
e characterisation: 7(a),n(b),n(q), where n measures the change in h;

e normalisation: 7j(a),7(b),7(q),7(g), where 7 measures the change in
h;

e weighting: w(a),w(b),w(q),w(§),w(w), where w measures the change
in W.

Observe that the number of parameters that may perturbed increases with
the level of aggregation. There are more parameters that may be perturbed;
one may think of allocation factors and exchange factors.

Instead of using the analytical formulae for the perturbation analysis,
a numerical approach may be used as well. In that case, one forms

99k gk(ai; +€) — gr(ai;)

Fons ™ - (8.86)

and takes a non-vanishing but small value for ¢, e.g., 0.01.

8.2.4 Uncertainty analysis

As discussed in Section 6.4, Monte Carlo simulations are a powerful tool in
studying the uncertainties of the results of an LCA. Let (gz) . denote envi-
ronmental intervention k in Monte Carlo trial number 7. A number of Monte
Carlo trials, say N then yields a set of values {(gl)k, (gQ)k ey (gN)k}.
This set may be subject to statistical analysis. Statistics of interest include:

N
e the mean value g = % Z (gi)k;
i=1
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N
1 A
o the variance s*(gy) = N_1 E ((gz)k —gk)Q, the standard devia-
i=1

tion s(gx) = 1/s%(gk) or the coefficient of variation CV (gx) = 8(_gk);

gk

e the highest value g,j = mj\élx (g) ., and lowest value g, = rlrglln (g’)k
Under the assumption of a Gaussian distribution, a confidence interval
may be constructed as [gx — t(a, N — 1)s(gx), gx + t(c, N — 1)s(gr)] with
the critical value of the ¢-distribution at significance level o and degrees of
freedom N — 1. With the conventional a = 0.95 and sufficiently large N,
this factor converges to 1.96.

Other statistics are measures of skewness and kurtosis, and the Kolmo-
gorov-Smirnov test for normality. See, e.g., Hays (1988) for a discussion.
In addition, a histogram may reveal clues to the frequency distribution.

Obviously, the environmental intervention g may be replaced by s, h, h
or W for uncertainty analyses at the level of scaling factors, characterisa-
tion, normalisation and weighting.

8.2.5 Key issue analysis

Following Heijungs (1996), uncertainty analysis and perturbation analysis
may be combined into an analysis of key issues. This is not key issues in
the sense of Noh et al. (1998), who use this term for “a unit process and
inventory item of which potential impact to the environment is significant
within a given product system,” (p.59-60) and which has been discussed
under contribution analysis above. Rather, it refers to “areas to concentrate
on in a more detailed LCI” (Heijungs (1996, p.160)). As such, it is a search
for parameters that are uncertain and for which the result is sensitive. See
Table 8.2 for a categorisation of parameters into three sets: “a key issue,”
“not a key issue,” and “perhaps a key issue.”
The formula for error propagation that was derived in Section 6.2

Z M.si0%(a;) (8.87)

can be used for key issue identification. One then forms expression like

Z )‘kzsj al]
o2(gk)

Gij = (8.88)
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Table 8.2: Data that is certain and hardly contributes to the analysis (“not
a key issue”) must be separated from data that is uncertain and makes
quite some contribution (“a key issue”). Anything in between must be
considered carefully (“perhaps a key issue” ).

contribution
uncertainty low high
low not a key issue perhaps a key issue
high perhaps a key issue a key issue

where (;; is the contribution to the overall variance that is made by the
variance of a;;. One can now figure out all these coefficients (;; and label
the largest ones as key issues.

8.2.6 Comparative analysis

The comparative analysis presents a certain environmental of several prod-
uct alternatives simultaneously with the aim of offering insight with respect
to strengths and weaknesses of each alternative. Let us concentrate on
one environmental flow, say k. The comparative analysis then addresses
gk1, 9k2, - - - We may distinguish several useful ways of tabulating the scores
for the different alternatives:

e according to absolute value: gi1, gk2, - - -

e with one alternative, say ¢, acting as a reference system, so that all

scores are expressed relative to that system: —gﬂ, 9k2 3

9ki  Gki ’

e with the alternative with the highest score acting as a reference sys-
9k1 k2

, g
max; gr; Max; gk;

tem:

e with the alternative with the lowest score acting as a reference system:
9kl k2

- y — g e
min; gg; Ming gg;

All these possibilities are often seen in combination with a bar diagram.
Comparative analyses may also be made at other levels than inventory
analysis. At the level of characterisation, g may be replaced by h; at that
of normalisation by h, and at that of weighting by W. One may even choose
to compare scaling factors by selecting s.
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In putting one of the alternatives to 1, we must be aware that gg;,
max; gg; Oor min; gx; may occasionally be zero, so that it cannot serve as a
denominator. Also, care should be taken that in rare cases gg; may range
from negative to positive for various product alternatives, so that one may
consider to use max; |gx;| or instead min; |gg;|.

8.2.7 Discernibility analysis

Section 8.2.4 discusses the analysis of uncertainties for one product alter-
native. One may easily imagine that such an uncertainty analysis gives a
95%-confidence interval that ranges from 10 to 15 kg of carbon dioxide for
a certain product alternative, and from 11 to 16 kg of carbon dioxide for
a second product alternative. The confidence intervals largely overlap, and
one might conclude that the two products are indiscernible in the sense
of showing no significant difference as to carbon dioxide. This ignores one
important aspect: it is not fair to compare the two products in two sepa-
rate Monte Carlo trials in which, say, the performance of the electric power
plant was good for product 1 and bad for product 2. It is much more
reasonable to compare the products pair-wise in each Monte Carlo trial.
Following Huijbregts (1998), one then computes the ratio of the carbon
dioxide emission for the two products. The resulting distribution of the
“comparison indictor” can be analysed as to the percentage of cases that
it is smaller or larger than 1. A 95%-criterion could then be applied to
distinguish significant from non-significant differences.

The approach becomes quite complex when several product alternative
are studied. For 3 products, we would need to compute the ratio of the
emission for product 1 to product 2 and for product 2 to product 3 for every
Monte Carlo trial. So, the number of frequency distributions increases with
the number of products compared.

One could solve this by reducing the frequency distributions to the first
and second moment, i.e. the mean and variance. One may note that Hui-
jbregts’ (1998) idea of studying the distribution of the comparison index is
in that case reducible to applying a t-test for paired samples. The gener-
alisation of the ¢-test for more than two samples is the analysis of variance
(ANOVA), and the fact that we have paired or related samples would in-
duce one to apply a two-way analysis of variance without interaction. The
disadvantage, however, is that this leads to an omnibus test (based on the
f-statistic), in which the null hypothesis is that all products have the same
mean score. Rejection of the hypothesis does not convey much, except that
at least one product alternative has a significantly different score. See, for
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instance, Sheskin (1997) for background material on statistical tests.

A solution can be found by noting that, although the full frequency
distribution is constructed, only the fraction of times that it exceeds 1
matters. The problem of comparing more than two products can be solved
when we switch to another type of comparison index (Heijungs & Kleijn,
2001). In Section 3.4.2 and 3.8.1, we discussed the fact that one and the
same combination of technology matrix and intervention matrix may be
applied to different final demand vectors. This is of particular importance
in the present simultaneous analysis of product alternatives in the presence
of uncertain information. In one Monte Carlo trial, one constructs the
two stochastic matrices A’ and B?, where the superscript i indicates that
the matrices are particular realisations of a stochastic procedure in trial 1.
They are combined to form the intensity matrix A’. This matrix is then
applied to all investigated product alternatives, described by the several
final demand vectors fi,fo,fs,.... This yields several inventory vectors
g’i,gé,gg, .... Let us concentrate on one of the rows of these flows, say
(g’l) ko (gzz) - (gg) g+ €-g., representing carbon dioxide. What ultimately
matters in a comparative analysis is not the size of the difference, but the
direction only: is (g’l) . larger than (g%) i» 18 it smaller, or are they equal?
So the analysis focuses on the difference (g’i)k - (gé)k, and one should
count the number of occurrences that this difference is positive. For this,
we use the Heaviside step function (see Section 8.1.3), and study

(n1s2);, = © ((81)), — (82),) (8.89)
which is 1 if (g’l)k is larger than (g%)k, and 0 otherwise. Aggregation over
all Monte Carlo trials yields

N
(mi>2), = Y _ (nisy), (8.90)

=1
We can now study quantities such as (n152),, (D251);, (Mi>3)g, (N351)y,
(n2>3),, (n3>2),, and arrange these in a tableau as in Table 7.2.
Obviously, we may define this counting procedure also at the level of
characterisation:

N
(ms2), = »_ O ((hi), — (hd),) (8.91)
i=1
at the level of normalisation
N

Yo (), () s

i=1



Beyond the inventory analysis 187

Table 8.3: Arrangement of the counting of Monte Carlo trials in which one
product alternative has a higher score on a certain environmental aspect k
than another product alternative.

product alternative

product alternative 1 2 3
1 - (n1>2)k (n1>3)k
2 (n2>1)k - (Tl2>3)1c
3 (113>1)1c n3>2)k -

or at the level of weighting

N
nisy =Y O (Wi —Wj) (8.93)

=1

The counters ny-o are counters in the sense that they count the number
of trials that a certain condition is fulfilled. It seems obvious to derive the

fraction of trials
ny>9

N
where N is the number of Monte Carlo trials. A usual significance criterion
of 0.95 can be tested. Thus, if (fi~2), > 0.95 for a certain environmen-
tal aspect k, it means that product alternative 1 has a higher score than
product alternative 2 in at least 95% of the Monte Carlo realisations. A
convenient interpretation is that the products are said to be significantly
different, i.e. they are discernible.

A final remark is that (fi~2), and (fa>1), do not necessarily add to 1.
It may happen that for certain Monte Carlo trials (g1), is equal to (g2), in
which case the two fractions will add up to less than 1. In order to create
the tableau of Table 7.2 for m product alternatives, one needs to keep track
of m(m—1) counters. This is far less than the requirements in constructing
m — 1 frequency distributions of comparison indices.

f1>2 - (894)
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Further extensions*

So far, the theory has been based on a number of simplifying assumptions:
e technologies are linear;
e the analysis is based on the steady-state situation;
e there is no spatial differentiation of interventions or impacts.

This chapter will discuss some ideas with respect to dropping these as-
sumptions. Let it be clear that a full discussion is outside the scope of this
book.

9.1 Non-linear models

Recall from Chapter 2, and in particular from Axiom 1 that unit processes
are conceived as representing a linear technology. When producing 10 kWh
of electricity is associated with a fuel demand of 2 litre, an emission of 1
kg CO2 and an emission of 0.1 kg SO, producing 20 kWh of electricity
is associated with a fuel demand of 4 litre, an emission of 2 kg COy and
an emission of 0.2 kg SO5. Such linear technologies can be described by a
vector equation

p = sp (9.1)

where p denotes the process specification, s the scaling factor for the pro-
cess, and p’ the process characteristics for the actual production volume
involved in the analysis. Written down for the case of four flows, for in-
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stance, kWh of electricity, litre of fuel, kg of CO2, and kg of SOq, we find

2 y41 -2
/
Prf_g| P2 g W (9.2)
D3 D3 1
Py P4 0.1

Assuming the first flow, representing kWh of electricity, to be the indepen-
dent variable, and using the other three flows as the dependent variables,
we can eliminate the scaling factor s from this equation to find

Plz p/1 D2
p3 | = ol (9.3)
pﬁ; D4

Now as a first step towards generalisation to include non-linear tech-
nologies, we may write this as
Ph -
Py | =H (P'ppl,( P2 P3 Ds) ) (9.4)
Pl
where f1(-) is a vector-valued function. This which may also be written as
P -
/
Py | =f (p'p( p1 P2 P3 p1) ) = f1 (1, p) (9.5)
/
Py

In the present case, the function fi(-) is a linear one:

/ D2
£, (p},p) = gl p3 (9.6)
! P4

The subscript 1 in f; serves to indicate that this is the production function
for flow 1, in this case kWh of electricity.

As a second step, we can now insert non-linear functions for fi(-).
These non-linear functions may take process technological relationships
and economies of scale into account. We refer to the literature on eco-
nomic equilibrium models (e.g., Dinwiddy & Teal, 1988) and on process
technology models (e.g., Schuler, 1995) for more information. An interest-
ing elaboration of the incorporation of non-linear relationships, accounting
for economic behaviour, is provided by Kandelaars (1999).



Further extensions 191

Of course, there is a problem in specifying these production function.
In practice, it is already difficult to find a sufficient amount of process data
of sufficient quality for the linear case. Estimating non-linear production
functions means that functional relationships must be postulated on the
basis of empirical observations and theoretical considerations, deriving from
thermodynamics, microeconomics, and probably some more disciplines, and
that the coefficients that show up in these functional relationships must be
calibrated on the basis of several observations.
Apart from these problems in finding the functional relationships, i.e.
in formulating the inventory problem, there is a problem in solving it. Let
us partition the previous example in terms of two economic flows (kWh of
electricity and litre of fuel) and two environmental flows (kg of CO2 and kg
of SO3). We then can write the production function for the two economic
flows as
a5
by | =6 (a'l, p) (9.7)
by

and
ay
b, | = £ (ahp) (9.8)
bh

These two equations must be solved simultaneously. Systems of equations

of the form
{ ai = fi(a3)
P (9.9)
ag = fa(ay)
can be extremely hard to solve, depending on the mathematical details
of fi(-) and fa(-). For a larger system, with hundreds of economic flows
and an equally large number of production functions, the task may become
unsolvable in an analytical way. Dedicated algorithms, for instance of the
Marquardt-type, may be needed to address such systems (Bevington &
Robinson, 1992).

The focus of LCA is system-wide on a microscopic level. This can
only be achieved on the expense of ignoring certain details, for instance,
non-linearities. Including non-linear relationships is likely to imply a more
modest ambition with respect to either the system-wide character or the
microscopic character.

Quite another matter is the incorporation of non-linear relationships in
impact assessment. Section 8.1 has discussed the use of characterisation
factors and weighting factors, and Section 8.1.2 has in particular shown
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how characterisation factors can be derived from non-linear characterisa-
tion models under the assumption of an infinitesimally small change on top
of a constant background. Thus, in principle, the use of non-linear char-
acterisation models has already been considered, but only under certain
restrictions. We may wish to escape from these limitations, and propose
to use non-linear relationships directly instead of linearised ones that are
derived from the non-linear ones. For this, we may bring into mind the
general relationship given in (8.7):

hi = ni(g) (9.10)

where 7;(-) is a non-linear function. Use of such models is straightforward,
but one should keep in mind the following pitfalls:

e there are no longer characterisation factors, so each model must be
used in each case study separately;

e a contribution analysis that decomposes a result into contributing
elements is no longer possible.

What has been discussed here for characterisation naturally applies to
weighting as well. Non-linear weighting models of the form

W = w(h) (9.11)

might replace (8.37). An important reason for doing so is to incorporate
non-compensatory aspects. Non-linear models for impact assessment has,
as far as we know, not been employed in LCA.

9.2 Spatially differentiated models

Essentially and originally, LCA is not a spatially explicit model. Unit
processes that are connected to a product are situated all over the world,
even for a product that is labeled to be ‘made in Holland.” The origin
of this is the fact that electricity, steel, and many other commodities are
mined or produced in different countries, and that many of these goods
are bought from a world market. Of a tomato bought in a supermarket,
it is difficult to point out where it was grown. It is even more difficult to
find out where the artificial fertiliser came from, and it is impossible to tell
which electric power plants were used to cultivate it. This is a theoretical
problem. Much sooner, one will encounter practical problems, related to
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the unavailability of data at the level of individual farmers or companies
or to the confidential nature of these data. For many processes one must
rely on national, continental, or global averages. Then, it is questionable
to what extent it is useful to specify the locations of emissions for those
few processes for which more specific data are available.

From a computational perspective, the incorporation of spatial detail is
easy. As we have seen, flows of a different type can be distinguished by giv-
ing them a separate entry. In previous examples, we had separate rows for
a product of brand X and a product of brand Y. This same strategy can be
used to distinguish French electricity from German electricity and Swedish
sulphur dioxide from Spanish sulphur dioxide. In the LCA of a TV, used
in France and made in Germany, one thus selects French electricity for the
use phase and German electricity for the manufacturing stage. These two
flows are produced by two different processes, which may have emissions
of pollutants to a common (European or global) air, or to French air and
German air respectively. Characterisation can proceed by regional differen-
tiation of characterisation factors, for instance when the fate of chemicals
in the environment depends on the temperature and the soil composition,
or when the effects of chemicals depends on the vegetation types found
in those regions. Even though the basic model is intended to be used for
a model without regional differentiation, the standard subdivision of the
environment into air, water and soil can easily be refined into regions of
air, water and soil, where the regions can be defined according to political,
climatic, ecological or other criteria. In addition, the compartments air,
water and soil can be subdivided into compartments such as indoor air,
urban air, rural air, rivers, lakes, seas, sand, clay, natural soil, agricultural
soil, and so on.

Even if a high degree of spatial detail is added, the model treats the
spatial dimension as a discrete attribute. A process takes place in France
or in Germany, or perhaps, when talking about Western-European average
steel, for 30% in France and for 40% in Germany. There are ecological
models in which the spatial dimension is modeled as a continuous variable,
see Krewitt et al. (1998) for a discussion of the use of the EcoSense model
in LCA. Obviously, the basic model for LCA cannot be changed to accom-
modate for an infinitely large spatial detail. Some finite grid size must be
chosen. An inventory vector g(z,y) will never be produced by an LCA.
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9.3 Dynamic models

A basic principle of the inventory model of Chapter 2 is that, although
processes may be specified in the temporal and spatial domain, the final
demand vector f and the inventory vector g are obtained by aggregating
all processes within the product system:

Vj : Zaﬂsi = fj (9.12)
Vi
and
Vk: g = Zbkisi (9.13)
Vi

respectively. Note especially that the inventory vector g is not specified as a
pattern in time. A time-dependent vector would, for instance, allow one to
distinguish emissions last year ago from those next year, emissions in sum-
mer from those in winter, and emissions during working hours from those
at night. This would require several adaptations of the LCA-procedure.

In making LCA a dynamic model, processes must be specified according
to the time at which they are active for the product under review. A TV
that is bought today may have been assembled two months ago, and the
components of which it is made may have been produced one month ear-
lier. That is, typical waiting times in production and consumption form an
essential ingredient in constructing a dynamic model. Like we before made
a spatial differentiation between French and German electricity, electricity
production processes, and air, we can make a temporal differentiation be-
tween electricity produced now and two months ago, with possibly different
technological characteristics (efficiency or fuel mix may have changed) and
atmospheric characteristics (temperature may have changed). The differ-
entiation in time thus works out quite along the lines of the differentiation
in space. And again, the extent to which differentiation is feasible will be
quite restricted in practice. In any case, time must be treated as a discrete
parameter, so that one may distinguish carbon monoxide at 1 January, at
2 January, etc. or at 1 am, at 2 am, etc but never as a continuous variable.
We will thus never end up with a vector g(t).

It should be noted that dynamic input-output analysis (see Chapter
5 for more information on IOA) is a topic that is more developed than
dynamic LCA. See, for instance, Duchin & Szyld (1985) and Perrings
(1987) for environmental extensions.
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Issues of implementation™

In this chapter, we discuss a number of topics that relate not so much to the
theoretical mathematical aspects of the LCA, but rather to practical imple-
mentational aspects. This chapter does not present a complete discussion
of algorithms, programming details, or other technical issues. For this, the
reader is referred to books like Press et al. (1992). Here, we will only ad-
dress certain specific issues that arise mainly by the special circumstances
that are offered by LCA.

10.1 Sparse matrices and location matrices

As noted earlier, matrices in LCA tend to be quite large. A typical tech-
nology matrix may consist of 500 to 1000 processes (columns) that are
connected by an approximately equal number of economic flows (rows).
An intervention matrix has the same number of processes (columns), but
sometimes an even larger number of environmental flows (rows), because
many chemicals that can be released are included for atmospheric, aquatic
and terrestrial emission compartments. When spatial differentiation is in-
troduced, distinguishing between hundred countries or regions, the number
of rows will increase substantially. The characterisation matrix contains
this same number of environmental flows (columns), but the number of
impact categories (rows) is more restricted. A number of ten to twenty im-
pact categories is standard practice. However, when one wishes to include
sensitivity analyses, e.g., with global warming potentials for different time
horizons (Guinée et al., 2002) and toxicity potentials for different cultural
perspectives (Hofstetter, 1998), a number of 50 to 100 impact categories will
show up. Anyhow, the three matrices mentioned (A, B and Q) typically
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require 10, 000 to 1,000, 000 places. A place typically looks like —3.15 x 10°:
it requires a signed floating-point representation; see Gentle (1998). In Del-
phi, which is the programming language for CMLCA, the most widely used
floating-point variables are single, requiring 4 bytes, double, requiring 8
bytes, and extended, requiring 10 bytes. Fewer bytes means less significant
digits and a more restricted range for the exponent. The data type single
has 7 to 8 significant digits, and permits values ranging from 1.5 x 10745
to 3.4 x 1038, This will suffice for LCA. With a 4-byte representation,
one would need in the worst case 3 times 1,000,000 time 4 byte, which is
12 MB. Then, we need to represent standard deviations of all these data,
allocation factors, and many more additional items. All in all, a quite large
memory occupation will result.

The matrices mentioned are not only large, they contain many zeros as
well. This can be seen from the following facts.

e For one particular unit process, one has typically ten to twenty inputs
and outputs of economic flows. For instance, a process like production
of steel has inputs like iron, electricity, and equipment, and outputs
like steel of various sorts. But it has no inputs or outputs of naphtha,
tomatoes, or concrete. This means that the process vector contains
a few hundreds of zeros for every process, and the technology matrix
contains several thousands of zeros.

e For one particular unit process, one has typically ten to twenty in-
puts and outputs of environmental flows. For instance, a process like
mining of iron ore has inputs like iron ore and outputs like a number
of heavy metals to soil and water. But it has no inputs or outputs
of whales, 1-butyl acetate, or aldicarb. This means that the process
vector contains a few hundreds of zeros for every process, and the
intervention matrix contains several thousands of zeros.

e For one particular impact category, one may have a few to many con-
tributing environmental flows. For instance, an impact category like
acidification has characterisation factors for sulphur oxides, nitrogen
oxides, ammonia and a few other substances, emitted to several com-
partments. But it has no factors for chromium, aldicarb, or iron ore.
This means that the characterisation vector contains a few hundreds
of zeros for every impact category, and the characterisation matrix
contains several thousands of zeros.

e The respective matrices with standard deviations contain only non-
zero information when there is a non-zero position in the technology,
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intervention, or characterisation matrix. And, given the limited avail-
ability of uncertainty estimates, it will contain even more zeros.

A matrix with a large proportion of zeros in it is called a sparse matrix.

Notice that, strictly speaking, there is a difference between “known
to be zero” and “not specified.” If there is no data on 1-butyl acetate
emissions in connection to the process of mining of iron ore, we are just
ignorant about these emissions. That is different from knowing that there
is no emission. There are a number of proposals on how to specify such
data items: not with a “0”, but with a “-” or a “N/A,” for instance. Useful
as this may be, it cannot be applied in the computation. One cannot invert
a matrix with “-” or “N/A” as elements. In computation, all such items
are replaced with “0” in the end.

Large sparse matrices can be conveniently represented using the concept
of location matrices. A location matrix is a matrix which can only contain
non-negative integers. These integers point to vector addresses that con-
tain the floating-point information on the real magnitude. One still needs
a large matrix, but this contains non-negative integers, requiring far less
memory than signed floating-point numbers. In Delphi, the data types
byte, requiring 1 byte, word, requiring 2 bytes, and longword, requiring 4
bytes, are defined. The values of the data type byte range from 0 to 255,
for word to 65, 535, and for longword to 4,294,967,295. For most purposes
in LCA, the type byte or word will suffice.

As an example, consider the matrix

0 0 —-23x1012 0 0

—12.6 0 0 0 7.4 x 1076
0 0 0 4.2 x 10° 0 (10.1)
0 0 0 0 0

-0.12 0 0 193 0

Normally, this requires 25 positions of 4 byte, hence 100 byte. Using loca-
tion matrices, one would use

_ 12
00100 231;(130
20003 7.4 x 106
0 0 040 | and 42><105 (10.2)
00000 o
500 6 0 163

This requires 25 positions of the type byte (requiring 1 byte), and 6
positions of 4 byte, hence a total of 49 byte. The gain is a factor of
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2, but it will approach a factor of 4 for large LCA databases. For in-
stance, a matrix of 1000 x 1000 containing 5,000 non-zero numbers, re-
quires 1,000,000 x 1 byte 4+ 5,000 x 4 byte = 1,020,000 byte instead of
1,000,000 x 4 byte = 4,000, 000byte.

10.2 Matrix inversion

There is a large literature available on the implementation of matrix inver-
sion and solving systems of equations; see, e.g., Forsythe & Moler (1967),
Jennings & McKeown (1977), Press et al. (1992) and Golub & Van Loan
(1996) for a discussion. We will not repeat this discussion here. However,
we must point out some aspects which are of special interest in connection
to LCA.

10.2.1 The inverse

In LCA, inversion is only required for the technology matrix. Important
features of the technology matrix are:

e it is quite large, e.g., it may have 1000 rows and columns;
e it is sparse, i.e. it contains many zeros;

e it may be ill-conditioned, i.e. some elements may be 102 while others
are 10712,

These three facts should be borne in mind when choosing an algorithm for
inversion.

First the size. Press et al. (1992) discuss that matrix inversion is in
general a process of order N3 or slightly less. This means that inverting
a 100 x 100 matrix requires approximately 1000 times as much time as
requiring a 10 x 10 matrix. Inversion of a large matrix with a few thousands
of rows and columns can still require a few seconds to a few minutes on a
modern PC. If Monte Carlo simulations are performed (see Section 6.4),
the matrix inversion is repeated several hundreds or thousands of times,
and a vast computation time is needed. It is therefore important to choose
a fast algorithm.

Then the sparsity. Golub & Van Loan (1996, p.133) observe that “al-
gorithms for general matrix problems can be streamlined in the presence
of such properties as symmetry, definiteness, and sparsity.” The technol-
ogy matrix of LCA is not symmetric or anti-symmetric, it is not positive
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or negative definite or semi-definite, but it is just sparse, in an irregular
way. Unfortunately, the cases discussed by these authors does not suggest
a particular solution for the typical technology matrix.

Finally, the differences in scale. As observed earlier (in Section 6.6), very
large or very small numbers give rise to a high condition number, and this
creates numerical instabilities and introduces round-off errors. A rescaling
of rows and/or columns may yield a matrix with a much smaller condition
number, and a much more stable behaviour. Section 6.6 gives also more
information on rescaling. One computational trick that may be particularly
useful is to standardise every column of the matrix A. Standardisation is
something that is applied often in statistical computations. Consider a

vector of values z1,x9,...,z,. Standardisation transforms every element
into _
r; — &
T = (10.3)
Sz
where

T =

S|

Zn: T; (10.4)
i=1

is the mean value of the values x;, and

Se= | ——= 3 (@i - 3 (10.5)

n—14

i=1

is their sample standard deviation. The resulting standardised vector has
zero mean and unit standard deviation. A matrix with its columns stan-
dardised has a small condition number, which approaches 1 for uncorrelated
columns.

The two other features discussed, the matrix being large and sparse, to
some extent compensate one another. Standard approaches towards inver-
sion include Gauss-Jordan elimination with or without backsubstitution,
LU decomposition, and singular value decomposition; see, e.g., Press et
al. (1992). Tt is not clear which approach seems preferable for application
in LCA. It seems therefore wise to implement several algorithms, and to
examine the comparative performance in practice.

10.2.2 The pseudoinverse

The pseudoinverse has been introduced into a form that is in principle
accessible to computation:

At = <ATA)»1 AT (10.6)
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Although theoretically correct, this is not a practical and robust approach.
Press et al. (1992) propose singular value decomposition as a superior
method of obtaining a pseudoinverse. The matrix A (which may have
more rows m than columns n) is decomposed into

A = Udiag(w)VT (10.7)

where U is an m X n column-orthogonal matrix, V is an n x n orthogonal
matrix, and diag(w) is an n x n diagonal matrix with non-negative ele-
ments, which are known as the singular values of A. Using singular value
decomposition, the pseudoinverse is given by

At = Vdiag(w)UT (10.8)

Algorithms for singular value decomposition have been described exten-
sively; see for instance Press et al. (1992) and Golub & Van Loan (1996).

10.3 Statistics of very long series

In Section 8.2.4, Monte Carlo experiments are used to generate a number
of model realisations. The results are then processed to find the mean, the
standard deviation, the smallest and largest value, and so on. Calculation
of a mean can proceed by adding successive terms and at the end dividing
by the number of terms. For the smallest and largest value, a termwise
updating of the statistic can be used as well. For the standard deviation or
variance, things are more complicated. For a certain quantity of interest,
x, one has a series of N values z;. The sample variance is given by

2 1 2
s°(zr) = N1 2 (z; — T) (10.9)
where
LN
T=~ ;:1 2 (10.10)

The problem here is that one must store all values z; in order to compute
the variance. As N may be chosen very large, say 1 million, this would lead
to large memory requirements.

The problem may be solved by rewriting the formula as

N

\ 1 R WANRY
=1

=1



Issues of implementation 201

Thus, two counters are needed: one for > x; and one for fo, and the
individual values of z; need not be stored.

10.4 Design of software for LCA

In Section 1.1.2, we stated that a knowledge of the computational struc-
ture of LCA is important for the design and implementation of reliable
LCA software. But we should acknowledge that the development of soft-
ware for LCA in its turn greatly increases the researcher’s insight into the
computational structure of LCA (¢f. Heijungs & Guinée (1993) and Vigon
(1996)).

As stated in Section 1.1.1, this book does not provide source codes for
writing software for LCA. However, this topic is close enough to the book’s
to devote a few pages to some general principles.

As a general structure of software for LCA, it is useful to distinguish
three features:

e an input module, representing a user-interface to entering data and
model settings;

e a computational module, responsible for carrying out the mathemat-
ical rules without user-intervention;

e an output module, representing a user-interface to obtaining results
in an understandable and attractive form.

Clearly, much of the material presented in this book belongs to the second
category. In fact, it is our hope that the proposals found in this book may
stimulate the development of robust matrix-based computational modules.
For the other two aspects, the input and output modules, this book provides
no guidance. Nevertheless, some space may be devoted to more clearly
develop the separation into three modules.

In the development of CMLCA, as a matrix-based software for LCA,
the emphasis has been laid upon the computational module. Some form
of an input and output module were needed of course to feed the software
with data, and to record the resulting numbers. These two modules are
far less advanced than the computational module. If one takes a look at
other available software for LCA, one may observe that many programs are
better at the input and output sides. This has been at the expense of the
computational module.
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It appears that there are several competing aspects, perhaps phrased in
terms of emphasis (user-friendly versus LCA-driven versus matrix-oriented)
and software engineer (IT-expert versus LCA-practitioner versus mathe-
matician). It may be that the conflict even exists at the level of the pro-
gramming principles and language. Old-fashioned imperative languages,
like Fortran, are still superior for ‘number crunching,’ newer relational
languages, like Prolog, perform well for maintaining data structures, and
GUI-based languages, like Visual Basic may be best for mouse-oriented and
graphical interfaces.

There is therefore a choice to be made: do we seek a language that
deals ‘reasonably well’ for all three purposes, and what is that language?
And how should the programming team than look like and be organised?
Or do we design three different modules, each in their own programming
language, that exchange information in a common standard? We think that
this second line may be a promising way to combine the strength of different
types of programming languages. The interaction might perhaps proceed
smoothly by sharing pieces of programs, for instance using Windows’ DLL-
structure.

For the input module, one should be aware of several complicating facts.
Steen et al. (1995, p.9) mention that a ‘relational database technology must
be the obvious choice’ in the case of LCA. They also propose a detailed
description of the structure of a database management system for LCA;
see Carlson et al. (1998) for an overview, and Boustead (1993) for some
additional points of interest. Useful as this may be, one should be aware
of the fact that a relational database is in no sense matrix-oriented. But
a relational database provides a useful step in building matrices. Every
process, flow, impact category, etc. can be addressed by reference to its
number in the table in which it is stored.

In the general computational structure, we have defined a process in
terms of the flows that enter and leave it. For instance, we could speak
of process number 1 that has an input of 2 units of flow number 1 and an
output of 10 units of flow number 2. In principle, this representation can
be maintained for the input module as well. But for reasons of connection
to a user, we must define the name of the process, the name of the flows
that enter and leave it, and the name of the units in which these flows are
specified. Thus, one then speaks of the process with the name production
of electricity, that has an input of 2 litre of fuel and an output of 10 kWh
of electricity. Specification of additional attributes is often appropriate, for
instance an indication of the location of the process, the time at which the
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process operates, the data sources, an indication of the uncertainties, and
so on. Recall, moreover, that we need at some stage of the calculation that
flows are distinguished in a set of economic flows and a set of environmental
flows, and that the economic flows are to be divided further into a set of
goods and a set of wastes. Such partitioning may be made in the compu-
tational module, but one can say that it is likely that such information is
already known at the stage of data collection, so that it is appropriate to
specify this as a part of the database information, as an attribute of each
flow.

Besides the computational items, there are many problems related to
procedural aspects in the input module. Data is often shared between sev-
eral persons or institutes, and all sorts of rules should prevent unclarities on
who is allowed to add, change or delete data items. Moreover, a database
will often consist of general available data (like those of Frischknecht et al.
(1993)) and specific user-collected data. When part of the general available
data reappears in an updated form, care should be taken that only part of
the data is removed. It will probably be necessary to establish a unique
coding system for processes, economic flows, environmental flows, and im-
pact categories. For environmental flows, the CAS-numbers are often used,
but these provide no sufficient solution: an indication of the compartment
(air, soil, etc.) must be added, substance groups (PAH, VOC, etc.) are
not covered, and certain substances that appear in more than one form
and that behave environmentally different (like Cr®* and Cr%*) cannot be
distinguished. For processes and economic flows, several national statistics
provide uniform nomenclature and coding at a macro-level. Distinction at
a micro-level is often only possible at a company-internal way. Clearly,
this issue needs to be addressed in a practical implementation, such as
ECOINVENT 2000 (Frischknecht, 2001).

Another interesting issue emerges at the interface of database manage-
ment and computation. It has to do with the problem of selection and
matching of processes and flows on the one hand and of flows and impact
categories on the other hand. It may be the case that a process database
contains several descriptions of steel production processes: according to the
technology of factory X in the year 2000, of factory Y in the year 2001, of
the average Western-European average in the last decade, etc. Not all these
process specification need to be positioned in the process matrix. Hence the
need of a selection step. Next, the chosen process or processes may produce
a specified flow, for instance steel of brand X in the year 2000, of brand Y
in the year 2001, etc. whereas a certain production process is specified to
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require steel of brand Z in the year 1999. It will then be needed to match
different flows to one another. Effectively, this comes down to establishing
the equivalence of steel of brand X in the year 2000 and steel of brand Z
in the year 1999. The computational details of this matching are described
in Section 3.4.4.

For the output module, there is a wide range of possibilities. Tabu-
lar results may be given at the levels of scaling factors, inventory tables,
characterisation, normalisation, and weighting. This may be done for a
single products or for more than one product alternative simultaneously.
Graphical results may be derived from such tables, especially for compar-
ing product alternatives and along with a contribution analysis, in which
the share of processes and flows in a certain results are indicated. Sta-
tistical information may visualised using confidence intervals or frequency
distributions. See also Heijungs & Kleijn (2001) for a number of possi-
bilities and pitfalls. For a proper functioning of an output module, an
indication of names of processes and flows, and of the units in which they
are expressed, is required. While the computational module operates at
an abstract level, the available information on naming and units must be
transferred from the input module to the output module. It may sometimes
be convenient to allow for quick jumping from a contribution analysis to
the process specification of dominant process. This requires a quite strong
connection between the output module and the input module.

Figure 10.1 shows the general structure of an LCA-program designed
according to the principles outlined above, which is at present only an ideal.

Input module

Selection of Computational

Output
Database N processes ;/N moduie i> P

(relational) | V| __ 2N (matrix-based) module
matching of

flows

Figure 10.1: General design of LCA-software, distinguishing an input mod-
ule, a computational module and an output module.
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Matrix algebra

This appendix gives a brief summary of those elements of matrix algebra
that are needed in this book. It is not intended as a way to learn matrix
algebra. Rather, it aims to be helpful to readers who have studied the
subject, but who have forgotten the details.

A.1 General concepts

A matrix is nothing more than a collection of numbers arranged in a rectan-
gular grid. For convenience, the grid is normally delimited with parenthesis
or brackets. Matrices are conventionally indicated with a bold capital, like

1 0 05 .
0 -3 9 ) The numbers in a

matrix are referred to as its elements. Individual elements can be referred
to by adding subscripts to the symbol that indicates the matrix itself. The
convention is to use the first index for the row, and the second index for
the column. Furthermore, counting proceeds from top to bottom for rows
and from left to right for columns. For instance, the symbol (X);3 has the
value 0.5 in the above example. In a larger matrix, the notation (X)j23 is
ambiguous, and a comma will therefore be used to separate the index for
row and that for columns, distinguishing (X);,23 and (X)12,3. The number
of rows and the number of columns define the dimension of a matrix. The
example matrix is of dimension 2 x 3. Obviously, the number of columns
or rows cannot be smaller than 1. The elements that form the matrix can
be of a predefined set. Throughout this book, the tacit assumption is that
they are in the set of real numbers R.

A matrix with 1 column is sometimes referred to as a column vector, or

X or A. An example of a matrix is
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vector in short. The notation for vectors employs a bold lowercase letter,
e.g., X. For vectors, it suffices to specify the number of rows. Hence a
matrix of dimension 2 x 1 is the same as a vector of length 2. A matrix
with only one row is referred to as a row vector. Although row vectors are
important in certain fields of study, they will be rarely used in this book.
When they are used, they will be written as a transposed column vector,
e.g., x¥. The idea of transposition is discussed in more detail below, in
Section A.3.

A matrix of dimension 1 x 1 is seen a scalar. An italicised symbol
(uppercase or lowercase) is used for it, e.g., X. Because the individual
elements of a matrix are scalars, the element (X)12 can also be referred to
as z12. A general form of a matrix X of dimension m x n is thus

11 T12 Zin
m x ... m

X — 21 22 2n (Al)
Tml Tm2 - Tmn

When m = n, the matrix is said to be square. Many properties and op-
erations on matrices that are discussed below, like the determinant and
inversion, are only defined for square matrices. When m # n, the matrix
is said to be rectangular. Observe that this can imply two forms of rectan-
gularity: m > n or m < n. In the book, we will be concerned mostly with
square matrices or rectangular matrices having more rows than columns.

A.2 Special matrices

Certain matrices occur so often that special names and symbols have been
given to them. These include the null matrix 0, which consists of zero
elements only and the identity matrix I, which is normally square and has
zeros everywhere except for the diagonal that contains ones. It is usual to
indicate the dimension of these matrices with subscripts. For instance, 023
indicates a null matrix with two rows and three columns, and I3 an identity
matrix with three rows and three columns. In many cases, however, it is
not necessary to add these subscripts, as the dimension will be clear from
the context. A null vector is a vector that consists of zeros only. Notice
that we may write both the null vector and the null matrix as 0. This
will rarely lead to ambiguities. A vector consisting of ones only is usually
indicated as 1.

A matrix X is called positive definite when all elements x;; > 0, in
which case one writes X > 0, and positive semi-definite when all elements
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z;j > 0, for which one writes X > 0. The definition of negative definite
and semi-definite matrices is analogous.

A square matrix X with z;; = xj; for all ¢ and j is called symmetric. If
ri; = —xj; (and hence z;; = 0), it is called anti-symmetric.

A.3 Basic operations

The well-known operations of addition, multiplication, division and so on
are as yet undefined for matrices. The following definitions are convention-
ally adopted.

Two matrices X and Y of the same dimension can be added by element-

wise addition:
(X+Y),; =X +Y; (A.2)

Addition of a matrices with unequal dimension is not defined. This applies
in particular to addition of a matrix and a scalar.
Any matrix can be multiplied with a scalar by multiplication of each

element with that scalar:
(cX),;; = Xy (A.3)

A special case is when ¢ = —1. The resulting matrix is written as —X.
Subtracting two matrices X and Y of equal dimension can then be regarded
as adding matrices X and —Y.

Two matrices may also be multiplied. In fact, various such products
are defined. The most common one is referred to as the matrix product, or
Cauley product. The matrix product XY is only defined when the number
of columns of X is equal to the number of rows of Y. In this case the
matrices are said to be conformable. Matrix multiplication involves a sum
over all the columns of the first matrix, or for that sake, all the rows of the
second matrix:

(XY),; =Y XYy, (A.4)
k=1

The matrix product of a matrix X of dimension | x m and a matrix Y
of dimension m X n is itself a matrix of dimension [ x n. When [ is not
equal to n, the possibility of forming the matrix product XY implies that
the matrix product YX cannot be formed. But even in the case of square
matrices, when YX can actually be formed, the two matrix products XY
and YX are in general not equal. Matrix multiplication is, in contrast
to ordinary multiplication, not commutative. It is, however, associative:
X(YZ) is equal to (XY)Z and one may thus write XYZ.
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A special case occurs when n = 1, i.e. when Y is a vector y. The
product of a matrix and a conformable vector is

(Xy); = Z XikYk (A.5)
k=1

It is thus a vector, with a possibly different number of rows than y.
Straightforward application of the rules gives the following special cases:

IX=XI=X (A.6)

and
0X=X0=0 (A7)

for any matrix X.

There is no such thing as dividing two matrices. There is, however, an
operation called inversion that bears some resemblance to the inversion of
ordinary numbers. For any number z, except 0, we may form a number y
such that the product of y and z is equal to 1. This number y is referred to
as the inverse of &, and we write it as 1/x or as z~!. The generalisation to
matrices is as follows. When a square matrix Y exists, such that the matrix
product of Y and the square matrix X is equal to the identity matrix I,
the matrix Y is said to be the inverse of matrix X. By analogy, one writes
X1 for the inverse of X. The generalisation of the condition that a scalar
z must be different from 0 is that the determinant (see below in Section
A.4) of a matrix X must be different from 0. Every square matrix with
nonzero determinant is invertible, and has a unique inverse. Conversely,
a square matrix with determinant zero is not invertible. Such a matrix is
said to be singular. Otherwise, it is non-singular.

For a square invertible matrix X and its inverse Y one has by definition

YX=1I (A.8)
A simple consequence is that
XYX =X (A.9)

This relationship, however, holds for more matrices than the inverse. In
fact, matrices Y can be found such that it also holds for matrices that are
not square and hence not invertible. Such a matrix Y is referred to as
a generalised inverse of X. In contrast to the normal inverse of a square
matrix, this matrix is not unique. With certain additional conditions, a
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unique matrix can be found. This matrix is called the pseudoinverse or
Moore-Penrose inverse, and it is denoted as X*. When X has dimension
m X n, its pseudoinverse has dimension n X m. And when X is square and
invertible, its pseudoinverse is equal to its normal inverse.

Of a quite different nature is the operation of transposition. Above,
it was already stated that a row vector may be transposed into a column
vector and vice versa. More generally, a matrix X of dimension m x n can
be transposed into a matrix XT of dimension n X m with elements given
by

L =1 (A.10)
Transposition can thus be regarded as reflection in the main diagonal. An
alternative way to indicate the transpose of a matrix X is X'.

A diagonal matrix is a square matrix with zeros everywhere except at
the main diagonal. A vector x of dimension n can be converted into a
diagonal matrix X of dimension n X n with the diag operator:

x

diag)=| ° ™ 0 (A.11)
0 0 - z,

achieves this. Alternatively, the notation X is used.

A square matrix of dimension n x n has n? minors. Minors are denoted
as X;; where the subscripts 7 and j can assume any value between 1 and
n. The minor X;; of a matrix X is a matrix of dimension (n —1) x (n — 1)
which is found by removing the ith row and the jth column of X.

A.4 Basic properties

A number of properties of matrices have been defined. Among these are
the determinant, the norm, and the eigenvalues.

The determinant of a square matrix X is a number that characterises
the degree of independency of the rows and columns of that matrix. It can
be introduced in many ways. Here, we will use a computational form. The
determinant of matrices of dimension 1 x 1 and 2 x 2 is

T T
det( x11 ) = x11; det ( 1 12 > = 112922 — L2112 (Al?)
21 22

For determinants of larger matrices, use is made of the formula

det (X) = > _ (1) z;; det (X;5) (A.13)
J
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where X;; is one of the minors of X. This formula can be recursively
applied if necessary. For instance, the determinant of a 4 x 4-matrix can be
expressed as a sum of determinants of 3 x 3-matrices, which on their turn
can be expressed in terms of a sum of 2 x 2-matrices. The determinant of
a matrix X is sometimes indicated as |X]|.

We already saw that the determinant of a singular matrix X is 0. This
happens, for instance, when one of the columns of X can be expressed as
a linear combination of one or more other columns. In that case, there is
a non-trivial solution to xX = 0, and the the column vectors are said to
be dependent. The degree of dependency may be larger or smaller: if only
one column of a matrix of dimension n X n may be expressed as a linear
combination of the other n — 1 ones, we say that the rank of the matrix
is n — 1. If two columns may be expressed as a linear combination of the
other n — 2 ones, the rank of the matrix is n — 2. The rank of a square
matrix of dimension n X n is at most n, in which case the matrix is said to
be of full rank. If not, it is said to be rank-deficient.

The product of a square matrix X and a conformable vector x is a
vector of the same dimension as x. There are special vectors X (excluding
the null vector 0) for which this product Xx is a multiple of x, say Ax.
Such special vectors x are referred to as the eigenvectors of X, and the
scalars A are called the associated eigenvalues. Thus, the equation

Xx = Ax (A.14)

defines the eigensystem of the matrix X, This may be written as
(X=A)x=0 (A.15)
and this system of linear equations has a non-trivial solution if and only if
det (X —AI) =0 (A.16)

can be solved for X and A. This equation is called the characteristic equa-
tion. It is a polynomial, which can be solved for A to yield the eigenvalues
of X. When the dimension of X is n x n, there may be up to n eigenvalues,
but some of these may be equal to one another.

Vector norms can be defined as

1/p
x|, = (Z Imil”> (A.17)

where x represents an arbitrary vector, and p defines the type of metric
considered. The norm defined in this way is referred to as the L, norm.
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We will restrict the discussion to the case p = 2, in which case the norm is
called the Euclidean norm. The subscript for p = 2 is then dropped:

el = lxlly = /> Jzil* = VxTx (A.18)

This norm of a vector, and in particular the Lo-norm is sometimes re-
ferred to as the length of that vector, and it corresponds to the familiar
Pythagorean concept of length. Notice, however, that the term length in
some texts may refer to the number of rows of a vector. A vector norm
satisfies the triangle inequality

% +yll < lIxIl + iyl (A.19)

The norm of a matrix is a quantity that is induced by a vector norm.

The definition we shall use is
IX|| = max || Xx]|| (A.20)

fIxf=1
which can be interpreted as the largest possible vector norm of the product
Xx under the condition that the vector norm of x itself is 1. In some sense,
it is thus a measure of the maximum magnification of X. The norm of a
matrix is not easy to calculate, as it is involves a maximisation over an
infinite number of vectors x. For a square matrix X, things become easier.
It is equal to the square root of largest eigenvalue Amax of the product
XTxX:

I X = 1/ Amax (XTX) (A.21)

Eigenvalues are much easier to calculate. The largest eigenvalue is also
known as the spectral radius. In analogy with the triangle inequality for
vector norms, there is an inequality for matrix norms which states that for
any two conformable matrices X and Y

XY < IX + (1Yl (A.22)

Another norm, that is sometimes employed for its ease in analytical formu-
las, is the Frobenius norm. It can be found by

X[ = /tr (XTX) (A.23)

where the trace tr (-) of a square matrix is defined as the sum of its diagonal

elements:
Vir(X) =" i (A.24)
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The norm of a square invertible matrix X can be multiplied with the
norm of its inverse. The result is referred to as the condition number with
respect to inversion, or simply the condition number. It is given the symbol
k(X). Thus

/(X)) = IX] [|X| (A.25)

Notice that, as we have restricted the discussion to Euclidean norms, the
condition numbers is also discussed here for Euclidean norms. For other
norms, i.e. for other values for p than 2, a corresponding condition number
can be found. One therefore sees that the condition number is said to be the
condition number with respect to a certain norm. In general, these various
condition numbers are of the same order of magnitude for a given matrix.
Also notice that the inverse matrix of X is needed in the definition of the
condition number. This means that a condition number is only defined for
square invertible matrices. It can be shown that the (Euclidean) condition
number of a matrix X is equal to the ratio of the largest and the smallest
eigenvalue of that matrix:

_ |Amax (X)]
wX) = I)‘min (X)l

This property then serves to generalise the condition number for rectangular
matrices and for square but non-invertible (i.e. singular) matrices.

(A.26)

A.5 Partitioned matrices

Similar to the construction of a matrix by arranging numbers in a rectan-
gular grid, we may arrange matrices in such a grid to construct a larger
matrix. Or, the other way around, we may divide a matrix into a number
of smaller matrices, the so-called submatrices. A matrix of the form

X1 Xio
X = A.27
( X21 ng ) ( )

is referred to as a partitioned matrix. Such a matrix is only possible when
the dimensions of the various submatrices are conformable. Here, this
means that the dimension of Xy; is my X ny, that X2 is m1 X no, Xop
is mg x n1 and Xogg is mg X ng. Then X is of dimension m1 +mo X n1 + na.
Sometimes, we will indicate the submatrices more explicitly by drawing
horizontal and/or vertical lines:

X1 | X2 >
X = A.28
< Xo1 | Xao ( )
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Most rules for manipulating partitioned matrices are straightforward,
for instance, those for addition

( X111 Xi2 ) n ( Yii Yoo ) _ ( Xuu+Ynn Xio+Yi ) (A.29)
Xo1 Xoo Yo1 Yoo Xo1+Yo Xoo+ Yo ’

for multiplication
( X1 X2 ) ( Yii Y ) _
Xo1 X2 Yor Y2
( X1 Y11 +X12Y2r X11Yi2+ X42Y9 )
X21 Y11 +X22Y91 X1 Y12+ Xo2Y

(A.30)

and for transposition

T
( X1 Xi2 ) _ ( X4 X5 ) (A.31)
Xo1 Xao XL, X3,
For inversion, a more complicated formula can be derived (Harville, (1997,
p.99)):

Xu X\ _ (X3 0,
X21 1X22 0 0 (A32)
( _Xli 2 ) (X2 — X1 X' Xpz) " ( ~Xar X3! T)

where X7 must be square and non-singular, Xo2 must be square, and
X9 — X21X1_11X12 must be non-singular. An important special case of this
equation is the one that the off-diagonal submatrices are 0, in which case
the expression reduces to

X, 0\ ' /X3 o
( 0 X > - ( 0 X5 ) (A.33)
A.6 Systems of linear equations

A system of linear equations is a set of set of m equations in n unknowns
L1, TL2y...,Tn:
01171 + a12%2 + - + A1nTn = Y1
02171 + a22%2 + -+ + A2nTp =

am1T1 + am2T2 + - - + GmnTn = Ym
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where a11,...,0mn and y1, ...,y are fixed and given. This can be written
in matrix form as
Ax=y (A.35)

The problem is to solve the system of equations for the unknown vector x,
given A and y.

We first discuss the case of m = n, i.e. when A is square. In this case,
A may be invertible. If it is so, left and right side of the matrix equation
can be multiplied with A~! to yield

A lAx = A"y (A.36)

Because the product of a square matrix and its inverse is equal to the
identity matrix, this immediately leads to an explicit expression for x:

x=A"ly (A.37)

When, however, A is not invertible, the system of linear equations can not
be solved.

Next, we discuss the case of an overdetermined system of equations with
m > n, i.e. when there are more equations than unknowns. In that case,
we can multiply left and right side with AT, to obtain

ATAx=ATy (A.38)

The product of a matrix and its transpose is square, and it may be invert-
ible. If it is so, we can form

(ATA> T ATAx = (ATA) ATy (A.39)

which reduces to
TAY ' AT
X = (A A) ATy (A.40)

which is again an explicit solution to x. When ATA is not invertible, the
system of equations can again not be solved.

Notice that there is a subtle difference. In the square case, A~'Ax =
A~ly implies that A~! (Ax —y) = 0 which must mean that indeed Ax =
y. But for the rectangular case, ATAx = ATy implies AT (Ax—y) =0
which does not mean that Ax = y. It only means that the difference

e=Ax-y (A.41)
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has a minimum norm. The solution x in that case represents the least
squares solution to an overdetermined system of equations. Occasionally,
the norm of the residual vector e may be zero, in which case the system of
equations is solved exactly.

When, in the square case, X is not invertible, in the rectangular case,
XTX is not invertible, or there are fewer equations than unknown (hence
m < n), the system of equations is underdetermined. There are infinitely
many exact solutions to such a system of equations.
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Main terms and symbols

This appendix lists the symbols that occur at several places. Thus occa-
sionally introduced symbols are not included in the table.

Symbol = Name, meaning Defined in Section
A technology matrix 2.1
Ag scaled technology matrix 7.1
B intervention matrix 2.1
Bg scaled intervention matrix 7.1
d discrepancy vector 3.1

f final demand vector 2.1

f final supply vector 3.1
1) reference flow 2.1
g inventory vector 2.1
g reference inventory vector 8.1.5
j ) perturbation matrix for the kth element 8.2.3

of the inventory vector

h impact vector 8.1.4
h reference impact vector 8.1.5
h normalised impact vector 8.1.5
H classification matrix 8.1.3
A intensity matrix 2.2
P process vector 2.1
P process matrix 2.1
q system vector 2.1
q characterisation vector 8.14
Q characterisation matrix 8.1.4
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=<

scaling vector

perturbation matrix for the kth element
of the scaling vector

weighting vector

weighted index

2.2
8.2.3

8.1.7
8.1.7
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Appendix C

Matlab code for most
important algorithms

Matlab provides a powerful software package for dealing with the matrix-
based formulae developed in this book. Below, examples of the most im-
portant pieces of Matlab code are given. A more elaborate version can be
obtained from the website mentioned in the Preface.

The first three statements define the input data: technology matrix A,
intervention matrix B and final demand vector f for the simple example
that recurs at many places in this book:

A=[-2 100; 10 0];
B={1 10; 0.1 2; 0 -50];
£=[0; 1000];

The next series of statements provide the central computational commands,
yielding the inverse A~! of the technology matrix, the scaling vector s, and
the inventory vector g:

Ainv=inv(4);

s=Ainv*f;

g=Bx*s;

Some auxiliary vectors and matrices (the intensity matrix A, the vector
of final supply f', the discrepancy vector d, the process matrix P and the
system vector q) and the scaled technology and intervention matrix Ag and
Bg are defined below:

Lambda=B*Ainv;

219
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ftilde=A*s;
d=ftilde-f;
P=[A; B];
q=[f; gl;
As=A*diag(s);
Bs=B*diag(s);

The following statements calculate various perturbation-theoretic quanti-
ties, including the condition number of the technology matrix x(A), the
Os  Ogy
) OA’ DA
for the scaling vector Xy and the for inventory vector I'r(A) and I'y(B):

o 0 . .
matrices of derivatives and g8k and the perturbation matrices

kappa=cond(4);
for k=1:size(s),
for i=1:size(4,1),
for j=1l:size(4,2),
dsdA(di,j,k)=-Ainv(k,i)*s(j);
end
end
end;
for k=1:size(g),
for i=1:size(4,1),
for j=1:size(4,2),
dgdA (i, j,k)=-Lambda(k,i)*s(j);
end
end
end;
for k=1:size(g),
for i=1:size(B,1),
for j=1:size(B,2),
if i==
dgdB(i,j,k)=s(j);
else
dgdB(i, j,k)=0;
end
end
end
end;
for k=1:size(s),
for i=1:size(A,1),
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for j=1:size(A,2),
sigmaA(i,j,k)=-A(i,j)/s (k) *Ainv(k,i)*s(j);
end
end
end;
for k=1:size(g),
for i=l:size(A,1),
for j=1:size(4,2),
gammaA (i, j,k)=-A(i,j)/g(k)*Lambda(k,i)*s(j);
end
end
end;
for k=1:size(g),
for i=1:size(B,1),
for j=1:size(B,2),
if i==
gammaB(i,j,k)=B(i,j)/gk)*s(j);
else
gammaB(i, j,k)=0;
end
end
end
end;
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Transactions matrix, 117

Umberto, 101
Uncertainty, 131, 140-145
data, 140-143
propagation, 143-145
Uncertainty analysis, 6, 75, 158,
182-183
Use matrix, 112

Value-corrected substitution, 45
Variance, 141, 183, 200



Index

Variance-covariance matrix, see Vari-
ance matrix
Vector, 206
basis, 24
characterisation, see Charac-
terisation vector
column, 205
discrepancy, see Discrepancy

vector

final demand, see Final demand
vector

final supply, see Final supply
vector

impact, see Impact vector

inventory, see Inventory vec-
tor

length, 211

norm, 210

normalised impact, see Nor-
malised impact vector

process, see Process vector

reference impact, see Refer-
ence impact vector

reference inventory, see Ref-
erence inventory vector

residual, 215

row, 206

scaling, see Scaling vector

system, see System vector

total output, see Total output
vector

transpose, 206

weighting, see Weighting vec-
tor

Vertical analysis, 124
Visual Basic, 202

Waste, 60-62, 81-82, 89, 90
Weighted index, 171
Weighting, 5, 170-171, 176

Weighting factor, 171, 191
Weighting model, 171, 192
Weighting vector, 171
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